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INTRODUCTION

In this chapter, we will return to a key idea about statistical inference from
Chapter 4—making conclusions about a population based on data from a sample.
Here are a few examples of statistical inference in practice:

¢ [Each month, the Current Population Survey (CPS) interviews a random sample
of individuals in about 60,000 U.S. households. The CPS uses the proportion of

unemployed people in the sample p to estimate the national unemployment rate p.

¢ To estimate how much gasoline prices vary in a large city, a reporter records
the price per gallon of regular unleaded gasoline at a random sample of 10 gas
stations in the city. The range (Maximum — Minimum) of the prices in the
sample is 25 cents. What can the reporter say about the fange of gas prices at
all the city’s stations?

® A battery manufacturer wants to make sure thatthe’AA batteries it produces
each hour meet certain standards. Quality control inspectors collect data
from a random sample of 50 AA batteries produced during one hour and use
the sample mean lifetime X to estimate the’unknown population mean life-
time p for all batteries produced that hour.

Let’s look at the battery example alittle more closely. To make an inference
about the batteries produced inthe given hour, we need to know how close
the sample mean ¥ is likely to,be to the population mean p. After all, different
random samples of 50 batteries from the same hour of production would yield
different values of X. How ean we describe this sampling distribution of possible
x values? We can thinkof’x as a random variable because it takes numerical values
that describe the outcomes of the random sampling process. As a result, we can
examine its probability distribution using what we learned in Chapter 6.

The following activity will help you get a feel for the distribution of two very
common statistics, the sample mean X and the sample proportion .

I\ BL'ARA @ A penny for your thoughts?

peterspiro/Getty Images

In this activity, your class will investigate how the mean year x and the
proportion of pennies from the 2000s p vary from sample to sample, using a
large population of pennies of various ages.!

1. Each member of the class should randomly select 1 penny from the population
and record the year of the penny with an “X” on the dotplot provided by
your teacher. Return the penny to the population. Repeat this process until
at least 100 pennies have been selected and recorded. This graph gives you
an idea of what the population distribution of penny years looks like.

2. Each member of the class should then select an SRS of 5 pennies from
the population and note the year on each penny.

® Record the average year of these 5 pennies (rounded to the nearest year)
with an “X” on a new class dotplot. Make sure this dotplot is on the same
scale as the dotplot in Step 1.

® Record the proportion of pennies from the 2000s with a “p” on a different
dotplot provided by your teacher.
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Return the pennies to the population. Repeat this process until there are at

least 100 x’s and 100 p’s.

3. Repeat Step 2 with SRSs of size n = 20. Make sure these dotplots are on the
same scale as the corresponding dotplots from Step 2.

4. Compare the distribution of X (year of penny) with the two distributions of
X (mean year). How are the distributions similar? How are they different?
What effect does sample size seem to have on the shape, center, and vari-
ability of the distribution of X?

5. Compare the two distributions of . How are the distributions similar? How
are they different? What effect does sample size seem to hiayve on the shape,
center, and variability of the distribution of p?

Sampling distributions are the foundation of inference when data are
produced by random sampling. Because.the Ttesults of random samples include
an element of chance, we can’t guarantee'that our inferences are correct. What
we can guarantee is that our methods usually give correct answers. The reasoning
of statistical inference rests on asking, “How often would this method give a cor-
rect answer if I used it manytimes?” If our data come from random sampling,
the laws of probability help-us’answer this question. These laws also allow us to
determine how far our estimates typically vary from the truth and what values of a
statistic should be considered unusual.

Section 7.1 presents the basic ideas of sampling distributions. The most common
applications of statistical inference involve proportions and means. Section 7.2
focuses on sampling distributions involving proportions. Section 7.3 investigates
samplingdistributions involving means.

What Is a Sampling Distribution?

LEARNING TARGETS 5y the end of the section, you should be able to:

* Distinguish between a parameter and a * Distinguish among the distribution of a

statistic: population, the distribution of a sample, and the
« Create a sampling distribution using all possible sampling distribution of a statistic.

samples from a small population. e Determine if a statistic is an unbiased estimator
* Use the sampling distribution of a statistic to of a population parameter.

evaluate a claim about a parameter.  Describe the relationship between sample size

and the variability of a statistic.

What is the average income of U.S. residents with a college degree? Each

March, the government’s Current Population Survey (CPS) asks detailed
Because of some very large incomes,  questions about income. The random sample of about 70,000 U.S. college grads
the mean total income ($73,750) was ~ contacted in March 2016 had a mean “total money income” of $73,750 in 201 5.2
much larger than the median total That $73,750 describes the sample, but we use it to estimate the mean income of
income ($55,071). all college grads in the United States.
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A sample statistic is sometimes
called a point estimator of the cor-
responding population parameter
because the estimate—$73,750 in
this case—is a single point on the
number line.

It is common practice to use Greek
letters for parameters and Roman
letters for statistics. In that case, the
population proportion would b

(pi, the Greek letter for “p”) and the
sample proportion would be p. We’'ll
stick with the notation that’s used on
the AP® exam, however.

Parameters and Statistics

As we begin to use sample data to draw conclusions about a larger population,
we must be clear about whether a number describes a sample or a population.
For the sample of college graduates contacted by the CPS, the mean income
was ¥ = $73,750. The number $73,750 is a statistic because it describes this
one CPS sample. The population that the poll wants to draw conclusions about
is the nearly 100 million U.S. residents with a college degree. In this case, the
parameter of interest is the mean income p of all these college graduates; We
don’t know the value of this parameter, but we can estimate it using data from
the sample.

DEFINITION Statistic, Parameter

A statistic is a number that describes some characteristic.of a sample.
A parameter is a number that describes some characteristic of a population.

Recall our hint from Chapter 1 about s‘and p: statistics come from samples,
and parameters come from populations.“As long as we were doing data analysis,
the distinction between population and sample rarely came up. Now that we are
focusing on statistical inference,iowever, it is essential. The notation we use
should reflect this distinction. ' The table shows three commonly used statistics
and their corresponding parameters.

Sample statistic Population parameter
X (the sample mean) estimates . (the population mean)
the sample proportion) ~ estimates  p (the population proportion)
S, (the sample SD) estimates o (the population SD)

From ghosts to cold cabins
Parameters and statistics

PROBLEM: Identify the population, the parameter, the sample, and the
statistic in eaelr of the following settings.

(a) The Gallup Poll asked 515 randomly selected U.S. adults if they
belicve in ghosts. Of the respondents, 160 said “Yes.”?

(b) During the winter months, the temperatures outside the Starneses’

-
cabin in Colorado can stay well below freezing for weeks at a time. é‘f’
To prevent the pipes from freezing, Mrs. Starnes sets the thermostat at z
50°F. She wants to know how low the temperature actually gets in the L E
cabin. A digital thermometer records the indoor temperature at é
20 randomly chosen times during a given day. The minimum reading :.;,

is 38°F.
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SOLUTION:
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(a) Population: allU.S. adults. Parameter: p = the proportion of all U.S. adults who believe in ghosts. Sample:
the 515 people who were interviewed in this Gallup Poll. Statistic: p = the proportion in the sample who
say they believe in ghosts =160/515=0.31.

(b) Population: all times during the day in question. Parameter: the
true minimum temperature in the cabin at all times that day.
Sample: the 20 randomly selected times. Statistic: the sample
minimum temperature, 38°F.

Not all parameters and statistics have their
own symbols. To distinguish parameters and
statistics in these cases, use descriptors
like “true” and “sample.”

FOR PRACTICE, TRY EXERCISE 1

FIGURE 7.1 Distribution of the
sample mean year of penny for
50 samples of size n = 5 from
Mrs. Gallas’s population of pennies.

B wreexam e

Many students lose credit on the AP® Statistics exam when.defining parameters because
their description refers to the sample instead of the population or because the description
isn’t clear about which group of individuals the parameter is describing. When defining a
parameter, we suggest including the word allor the word true in your description to make it
clear that you aren’t referring to a sample statistic.

The Idea of a Sampling Distribution

«“r

The students in Mrs-Gallas’s class did the “Penny for your thoughts” activity
at the beginning of the chapter. Figure 7.1 shows their “dotplot” of the sample
mean year for 50 samples of size n = 5.
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X = sample mean year (n = §)

It shouldn’t be surprising that the statistic x is a random variable. After all, dif-
ferent samples of n = 5 pennies will produce different means. As you learned in
Section 4.3, this basic fact is called sampling variability.

DEFINITION Sampling variability

Sampling variability refers to the fact that different random samples of the same
size from the same population produce different values for a statistic.

Knowing how statistics vary from sample to sample is essential when making an
inference about a population. Understanding sampling variability reminds us that
the value of a statistic is unlikely to be exactly equal to the value of the parameter
it is trying to estimate. It also lets us say how much we expect an estimate to vary
from its corresponding parameter.

Mrs. Gallas’s class took only 50 random samples of 5 pennies. However, there are
many, many possible random samples of size 5 from Mrs. Gallas’s large population of
pennies. If the students took every one of those possible samples, calculated the value
of x for each, and graphed all those ¥ values, then we’d have a sampling distribution.
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Remember that a distribution DEFINITION  Sampling distribution

describes the possible values of a . o o o

variable and how often these values The sampling distribution of a statistic is the distribution of values taken by the
occur. Thus, a sampling distribution statistic in all possible samples of the same size from the same population.

shows the possible values of a statistic
and how often these values occur.

For large populations, it is too difficult to take all possible samples of size n to
obtain the exact sampling distribution of a statistic. Instead, we can approximate
a sampling distribution by taking many samples, calculating the value of the sta-
tistic for each of these samples, and graphing the results. Because the students'in
Mrs. Gallas’s class didn’t take all possible samples of 5 pennies, their dotplot of
x’s in Figure 7.1 is called an approximate sampling distribution.

The following example demonstrates how to construct a complete sampling
distribution using a small population.

Sampling heights
Creating a sampling
distribution

PROBLEM: John and Carol have four grown sons. Their heights
(in inches) are 71, 75, 72, and 68.

(a) List all 6 possible samples of size 2.

Brian Miller

(b) Calculate the mean of each sample and display the sampling distribution of the sample mean using a

dotplot.
(c) Calculate the range of each sample and display-the sampling distribution of the sample range using a dotplot.
SOLUTION:
(a) Sample (b) Sample Sample mean
71,75 71,75 73.0
71,72 71,72 715 e e . ° o
71,68 71,68 69.5 69 70 # 72 73 74
75,72 75,72 735 X =Sample mean height (in.)
75,68 75,68 7.5
72,68 72,68 70.0

(c) Sample Sample range

71,75 4
71,72 1

[ [ ]
711 68 3 T ? T ? 7 T T ? L
75’ 72 3 0 1 2 3 4 s 6 7 8
7568 7 Sample range of height (in.)
72,68 4

FOR PRACTICE, TRY EXERCISE 7

Being able to construct (or approximate) the sampling distribution of a statistic
allows us to determine the values of the statistic that are likely to occur by chance
alone—and the values that should be considered unusual. The following exam-
ple shows how we can use a sampling distribution to evaluate a claim.
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Reaching for chips
Using a sampling distribution to evaluate a claim

PROBLEM: To determine how much homework time students will get in class,
Mrs. Lin has a student select an SRS of 20 chips from a large bag. The number of red
chips in the SRS determines the number of minutes in class students get to work on
homework. Mrs. Lin claims that there are 200 chips in the bag and that 100 of them
are red. When Jenna selected a random sample of 20 chips from the bag (without
looking), she got 7 red chips. Does this provide convincing evidence that less than
half of the chips in the bag are red?

(a) What is the evidence that less than half of the chips in the bag are red?
(b) Provide two explanations for the evidence described in part (a).

We used technology to simulate choosing 500 SRSs of size n = 20 from
a population of 200 chips, 100 red and 100 blue. The dotplot shows
p = the sample proportion of red chips for each of the 500 samples,

represents.

(c) There is one dot on the graph at 0.80. Explain what this value ‘ | |
alliilth,

(d) Would it be surprising to get a sample proportion of p = 7/20 = 0.35or
smaller in an SRS of size 20 when p = 0.57 Justify your‘answer. T T T T T

woodygraphs/Getty Images

0.1 02 03 04 05 06 0.7 08 0.9

(e) Based on your previous answers, is there convincingevidence that less
p = sample proportion of red chips

than half of the chips in the large bag are red? Explain your reasoning.

SOLUTION:

(a) Jenna's sample proportion was p =7{20 = 0.35, which is less than 0.50.

(b) Itis possible that Mrs. Lin is telling the truth and Jenna got a p less than 0.50 because of sampling
variability. It is also possible that Mrs. Lin is lying and less than half of the chips in the bag are red.

(¢) Inone simulated SRS of 20:chips, there were 16 red chips. So p =16/20 = 0.80 for this sample.

(d) No; there were many simulated samples that had p values less than or equal to 0.35.

(e) Because it isn’t surprising to get a p less than or equal to 0.35 by chance alone when p =0.50,
there isn’t convinging evidence that less than half of the chips in the bag are red.

FOR PRACTICE, TRY EXERCISE 13

When wé'simulate a sampling Suppose that Jenna’s sample included only 3 red chips, giving p = 3/20 = 0.15.
distribution using assumed values Would this provide convincing evidence that less than half of the chips in the bag
for-the parameters, like in the chips are red? Yes. According to the simulated sampling distribution in the example,

example, the resulting distribution is
sometimes called a randomization
distribution.

it would be very unusual to get a p value this small when p = 0.50. Therefore,
sampling variability would not be a plausible explanation for the outcome of

Jenna’s sample. The only plausible explanation for a p value of 0.15 is that less

than half of the chips in the bag are red.

Figure 7.2 (on the next page) illustrates the process of choosing many random

samples of 20 chips from a population of 100 red chips and 100 blue chips

and

finding the sample proportion of red chips p for each sample. Follow the flow of
the figure from the population distribution on the left, to choosing an SRS, graph-
ing the distribution of sample data, and finding the p for that particular sample,
to collecting together the p’s from many samples. The first sample has p = 0.40.
The second sample is a different group of chips, with p = 0.55, and so on.
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The dotplot at the right of the figure shows the distribution of the values of p from
500 separate SRSs of size 20. This is the approximate sampling distribution of the
statistic p.

Population distribution
Parameter: p = 0.50
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P = sample proportion of red chips

FIGURE 7.2 The idea of a sampling distribution is to take many samples from the same population, collect the value
of the statistic from all the samples, and display the distribution.of-the statistic. The dotplot shows the approximate
sampling distribution of p = the sample proportion of red chips:

I AP® EXAM TIP

Terminology matters. Never just
say “the distribution.” Always
say “the distribution of [blank],”
being careful to distinguish the
distribution of the population,
the distribution of sample data,
and the sampling distribution
of a statistic. Likewise, don’t
use ambiguous terms like
“sample distribution,” which
could refer to the distribution
of sample data or to the
sampling distribution of-a
statistic. You will Jose credit

on free response questions for
misusing statistical terms.

#

As Figure 7.2 shows, there are three distinct distributions involved when we
sample repeatedly and calculate the value of a statistic.

The population distribution gives the values of the variable for all individuals
in the population. In this case, the individuals are the 200 chips and the vari-
able we're-recording is color. Our parameter of interest is the proportion of
red chips in the population, p = 0.50.
The-distribution of sample data shows the values of the variable for the indi-
viduals in a sample. In this case, the distribution of sample data shows the
values of the variable color for the 20 chips in the sample. For each sample,
we record a value for the statistic p, the sample proportion of red chips.

The sampling distribution of the sample proportion displays the values of
p from all possible samples of the same size.

Remember that a sampling distribution describes how a statistic (e.g., p) varies
in many samples from the population. However, the population distribution and
the distribution of sample data describe how individuals (e.g., chips) vary.

ﬁ CHECK YOUR UNDERSTANDING

Mars,® Inc. says that the mix of colors in its M&M’S® Milk Chocolate Candies
from its Hackettstown, NJ, factory is 25% blue, 25% orange, 12.5% green,
12.5% yellow, 12.5% red, and 12.5% brown. Assume that the company’s claim
is true and that you will randomly select 50 candies to estimate the proportion

that are orange.
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1. Identify the population, the parameter, the sample, and the statistic in this setting.
2. Graph the population distribution.

3. Imagine taking a random sample of 50 M&M’S® Milk Chocolate Candies. Make
a graph showing a possible distribution of the sample data. Give the value of the
statistic for this sample.

4. Which of these three graphs could be the approximate sampling distribution of the
statistic? Explain your choice.

@

Q’ Q’@ O‘@

fz&oo

Color

e\\°

d
T T T T
0.15 0.25 0.35 0.45 .05 0.10 0.15 0.20 0.25

0
P = sample proportion of orange candies P = sample proportion of orange candies

Describing Sampling Distributions

PO N |

The fact that statistics from random samples have definite sampling distributions
allows us to answerthe question “How trustworthy is a statistic as an estimate of
a parameter?” To.get a complete answer, we will consider the shape, center, and
variability of the sampling distribution. For reasons that will be clear later, we’ll
save shape for Sections 7.2 and 7.3.

Here-is an activity that gets you thinking about the center and variability of a
sampling distribution.

YR IL'JAD A The craft stick problem

Stephen Orsillo/Alamy

In this activity, you will create a statistic for estimating the total number of craft
sticks in a bag (N). The sticks are numbered 1, 2, 3, ..., N. Near the end of the
activity, your teacher will select a random sample of n = 7 sticks and read
the number on each stick to the class. The team that has the best estimate for the
total number of sticks will win a prize.

1. Form teams of three or four students. Each team will be given a statistic to
begin their investigation.

2. For now, assume that there are N = 100 sticks in the bag and
that you will be selecting a sample of size n = 7. To investigate
the quality of the statistic you were given, generate a simulated
sampling distribution:

(a) Using your T1-84 calculator, select an SRS of size 7 using
the command RandIntNoRep(lower:1, upper:100, n:7).
Calculate and record the value of your statistic for this
simulated sample. [With a T1-83 or older T1-84 OS, use the
command RandInt(lower:1, upper:100, n7) and verify that
there are no repeated numbers.]
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(b) Repeat the previous step at least 9 more times, recording the value of
your statistic each time.

(c) Display the simulated sampling distribution of your statistic on the
dotplot provided by your teacher.

3. As a class, discuss the quality of each of these statistics. Do any of them
consistently overestimate or consistently underestimate the truth? Are some
of the statistics more variable than others?

4. In your group, spend about 10-15 minutes creating a few additional
statistics that could be used to estimate the total number of sticks. Create
a simulated sampling distribution for each one (as in Step 2) to determine
which statistic you will use for the competition.

5. It is time for the final competition. Your teacher will select a random
sample of 7 sticks from the bag and read out the stick mumbers. On a sheet
of paper, write the names of your group, the statistic you think is best
(a formula), and the value of the statistic calculated from the sample
provided by the teacher. The closest estimate wins!

CENTER: BIASED AND UNBIASED ESTIMATORS Figure 7.3 shows the simu-
lated sampling distribution of p = proportion of red chips when selecting samples
of size n = 20 from a population where p = 0.5.

01 02 03 04 05 06 07 08 09

p = sample proportion of red chips

FIGURE 7.3 The distribution of p = the sample proportion of red chips in 500 SRSs of size
n = 20 from a population where p = 0.5.

Notice that the center of this distribution is very close to 0.5, the parameter
value. In fact, if we took all possible samples of 20 chips from the population,
calculated p for each sample, and then found the mean of all those p-values, we'd
get exactly 0.5. For this reason, we say that p is an unbiased estimator of p.

DEFINITION Unbiased estimator

A statistic used to estimate a parameter is an unbiased estimator if the mean of
its sampling distribution is equal to the value of the parameter being estimated.

In a particular sample, the value of an unbiased estimator might be greater
than the value of the parameter or it might be less than the value of the parameter.
However, because the sampling distribution of the statistic is centered at the true
value, the statistic will not consistently overestimate or consistently underestimate
the parameter. This fits with our definition of bias from Chapter 4. The design
of a statistical study shows bias if it is very likely to underestimate or very likely to
overestimate the value we want to know.
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We will confirm mathematically in Section 7.2 that the sample proportion p
is an unbiased estimator of the population proportion p. This is a very helpful
result if we're dealing with a categorical variable (like color). With quantitative
variables, we might be interested in estimating the population mean, median,
minimum, maximum, Q;, Qs, variance, standard deviation, IOR, or range.
Which (if any) of these are unbiased estimators?

Let’s revisit the “Sampling heights” example with John and Carol’s four sons
to investigate one of these statistics. Recall that the heights of the fou¥sons are
71,75, 72, and 68 inches. Here again is the sampling distribution ef-the sample
mean X for samples of size 2:

—
69 70 7 7 73 74
X = sample mean height (in.)

To determine if the sample mean is an unbiased estimator of the population
mean, we need to compare the mean of the sampling distribution to the value we
are trying to estimate —the mean of the population .

The mean of the sampling distribution of ¥1s

_ 09547047154 7154734735

. =715
6
The mean of the population-is
N\ 71+7SZ72+68 s

Because these values are equal, this example suggests that the sample mean X is an
unbiased estimator of the population mean .. We will confirm this fact in Section 7.3.

Estimating the range
Biased and unbiased estimators

PROBLEM: In the “Saripling heights” example, we created the sam-
pling distribution of the sample range for samples of size n = 2 from the
population of John and Carol’s four sons with heights of 71, 75, 72, and
68 inches tall. Is the sample range an unbiased estimator of the population
range? Explain(your answer.

5 6 7 8
Sample range of height (in.)

(=}
-
[\
W —ee
B~ —ee

SOLUTION: z
The mean of the sampling distribution of the sample range is g
1+3+3+4+4+7

= 3.67
6

The range of the population is

Population range = 75 — 68 =7
Because the mean of the sampling distribution of the sample range (3.67) is not equal to the value it is trying
to estimate (7), the sample range is not an unbiased estimator of the population range.

FOR PRACTICE, TRY EXERCISE 19
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FIGURE 7.4 Results from a
simulation of 500 SRSs of size

n =4 from a population‘with
variance o> = 9. The-sample
variance s2 (labeled-“var(n — 1)”
in the figure) is.an unbiased
estimator-of the population
variance.The “var(n)” statistic is a
biased estimator of the population
variance.

Because the sample range is consistently smaller than the population range,

the sample range is a biased estimator of the population range.

Think About It

WHY DO WE DIVIDE BY n — 1 WHEN CALCULATING THE SAMPLE STANDARD
DEVIATION? Now that we know about sampling distributions and unbiased
estimators, we can finally answer this question. In Chapter 1, you learned that

> —x)
n—

learned that the value obtained before taking the square root in the standard

deviation calculation is known as the variance. That is, the sample variance is

) Xk —x) '

Sy =

the formula for the sample standard deviation is s, = ~You also

n—1

In an inference setting involving a quantitative variable, we might be interested
in estimating the variance o of the population(disttibution. The most logical
choice for our estimator is the sample variance sz We used technology to select
500 SRSs of size n = 4 from a population:where the population variance is
o = 9. For each sample, we recorded the value of two statistics:

=)\ Ry
var(n —1) = 2xi = %) 2 $ var(n) = 2(xi —x)"
n—1 n

Figure 7.4 shows the approximate sampling distributions of these two statistics.

The blue vertical lines mark the means of these two distributions.

T T
40 50

! "}l h'hl“i“"!;:hi e3e $ o 0o o
T T T
10 20 30

var(n-1)

T T T
30 40 50

l |||| 'II'I""""'.I... o 8 °
T T
10 20

var(n)

”

We can see that “var(n)” is a biased estimator of the population variance.
The mean of its approximate sampling distribution (marked with a blue line
segment) is clearly less than the value of the population parameter, o* = 9.
However, the statistic “var(n —1)” (otherwise known as the sample variance s2)
is an unbiased estimator. Its values are centered at o* = 9. That’s why we
divide by n —1 when calculating the sample variance—and when calculating
the sample standard deviation.
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VARIABILITY: SMALLER IS BETTER! To get a trustworthy estimate of an unknown
population parameter, start by using a statistic that’s an unbiased estimator. This
ensures that you won’t consistently overestimate or consistently underestimate
the parameter. Unfortunately, using an unbiased estimator doesn’t guarantee that
the value of your statistic will be close to the actual parameter value.

To investigate the variability of a statistic, let’s consider the proportion
of people in a random sample who have ever watched the show Survivor.
According to Nielsen ratings, Survivor was one of the most-watched televi-
sion shows in the United States every week that it aired. Suppose-that the true

0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55
p = sample proportion who have watched Survivor (n = 100)

0.20 0.25 0.30 0.35 0.40 0.45 0.50 0.55

p = sample proportion who have watched Survivor (n = 1000)

FIGURE 7.5 The approximate-sampling distribution of
the sample proportion p from SRSs of size n = 100 and
n=1000 chosen from a‘large population with proportion
p = 0.37. Both dotplots show the results of 400 SRSs.

proportion of U.S. adults who have ever watched Survivor
isp=10.37.

The top dotplot in Figure 7.5 shows the results of drawing 400
SRSs of size n =100 from a large population with p = 0.37 and
recording the value of p = the sample proportion who have ever
watched Survivor. We see that a sample of 100 people often gave a
p quite far from the population parameter, p = 0.37.

Let’s repeat our simulation, this time taking 400 SRSs of size
n = 1000 from a large population with proportion p = 0.37
who have watched/Survivor. The bottom dotplot in Figure 7.5
displays the distribution of the 400 values of p from these larger
samples. Both-graphs are drawn on the same horizontal scale
to make comparison easy.

We can'see that the variability shown in the top dotplot in
Figure 75 is much greater than the variability shown in the bot-
tom‘dotplot. With samples of size 100, the standard deviation of
these p values is about 0.047. Using SRSs of size 1000, the stan-
dard deviation of these p values is about 0.016. This confirms what
we learned in Section 4.3: larger random samples tend to produce
estimates that are closer to the true population value.

One important and surprising fact is that the variability of a
statistic does not depend very much on the size of the popula-
tion, as long as the sample size is less than 10% of the popula-
tion size. Suppose that in a small town of 25,000 people, 37% of
the population have watched Survivor. That is, p = 0.37. Let’s
simulate taking 400 SRSs of size 1000 from this small town and
compute p, the sample proportion who have watched Survivor.
The results are shown in Figure 7.6.

020 025 030 035 040 045 050 055

p = sample proportion who have watched
Survivor (n = 1000 from small town)

FIGURE 7.6 The approximate sampling distribution of the sample proportion p from 400 SRSs of
size n = 1000 chosen from a population of 25,000 individuals with proportion p = 0.37.
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Notice that the distribution of p looks nearly the same when sam-
pling from a small town of 25,000 residents as when sampling from the
entire United States. In fact, the standard deviation for each sampling
distribution is approximately 0.016.

Why does the size of the population have little influence on the behav-
ior of statistics from random samples? Imagine sampling harvested corn
by thrusting a scoop into a large sack of corn kernels. The scoop doesn’t
know if it is surrounded by a bag of corn or by an entire truckload. As long
as the corn is well mixed (so that the scoop selects a random sample);the
variability of the result depends mostly on the size of the scoop.

ﬁ CHECK YOUR UNDERSTANDING

The histogram on the left shows the interval (in minutes) between eruptions
of the Old Faithful geyser for all 222 recorded-eruptions during a particular
month. For this population, the median-is 75 minutes. We used technology
to take 500 SRSs of size 10 from the population. The 500 values of the sam-
ple median are displayed in the histogram on the right. The mean of these
500 values is 73.5.
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I. Does the simulation provide evidence that the sample median is a biased estimator
of the population median? Justify your answer.

2. Suppose we had taken samples of size 20 instead of size 10. Would the variability
of the sampling distribution of the sample median be larger, smaller, or about the
same? Justify your answer.

3. Describe the shape of the sampling distribution of the sample median.

CHOOSING AN ESTIMATOR In many cases, it is obvious which statistic should
be used as an estimator of a population parameter. If we want to estimate the
population mean g, use the sample mean X. If we want to estimate a population
proportion p, use the sample proportion p. However, in other cases, there isn’t an
obvious best choice. When trying to estimate the population maximum in the
“Cratt stick” activity, there were many different estimators that could be used.

To decide which estimator to use when there are several choices, consider both
bias and variability. Imagine the true value of the population parameter as the



FIGURE 7.7 Bias and variability of
four different estimators. (a) High
bias, low variability. (b) Low bias,
high variability. (c) High bias, high
variability. (d) The ideal estimator:
no bias, low variability.
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bull’s-eye on a target and the sample statistic as an arrow fired at the target. Both
bias and variability describe what happens when we take many shots at the target.

Bias means that our aim is off and we consistently miss the bull’s-eye in the
same direction. Our sample statistics do not center on the population parame-
ter. In other words, our estimates are not accurate. High variability means that
repeated shots are widely scattered on the target. Repeated samples do not give
very similar results. In other words, our estimates are not very precise. Figure 7.7
shows this target illustration.
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Notice that an estimator with low variability can also have high bias, as in
Figure 7.7(a). And an estimator with low or no bias can be quite variable, as
in Figure 7.7(b). Ideally, we’d like to use an estimator that is unbiased with low
variability, as in Figure 7.7(d).

I AP® EXAM TIP

Make sure to understand the difference between accuracy and precision when writing
responses on the AP® Statistics Exam. Many students use “accurate” when they really mean
“precise.” For example, a response that says “increasing the sample size will make an
estimate more accurate” is incorrect. It should say that increasing the sample size will make
an estimate more precise. If you can’t remember which term to use, don’t use either of them.
Instead, explain what you mean without using statistical vocabulary.
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e A parameter is a number that describes a population. To estimate an
unknown parameter, use a statistic calculated from a sample.

¢ The population distribution of a variable describes the values of the variable
for all individuals in a population. The sampling distribution of a statistic
describes the values of the statistic in all possible samples of the same size
from the same population. Don’t confuse the sampling distribution. with a
distribution of sample data, which gives the values of the variable for all
individuals in a particular sample.

® A statistic can be an unbiased estimator or a biased estimator of a param-
eter. A statistic is an unbiased estimator if the center (mean)-of its sampling
distribution is equal to the true value of the parameter.

e The variability of a statistic is described by the spread.of its sampling distri-
bution. Larger samples result in sampling distributions with less variability.

®  When trying to estimate a parameter, choose astatistic with low or no bias
and minimum variability.

For Exercises 1-0, identify the population, the parameter, the
sample, and the statistic in each setting.

6.¢Bearings A production run of ball bearings is supposed
to have a mean diameter of 2.5000 centimeters (cm).
An inspector chooses 100 bearings at random from the

1. Healthy living From a large group of people who run. These bearings have mean diameter 2.5009 cm.

pofH signed a card saying they intended to quit smoking,
> 1000 people were selected at random. It turned out
that 210 (21%) of these individuals had not smoked

over the past 6 months.

Exercises 7-10 refer to the small population of 5 students in
the table.

Name Gender  Quiz score
2. Unemployment Each month, the Current Population Abigail Female 10

Survey interviews about 60,000 randomly selected U.S. Bobby Male 5
adults. One of their goals is to estimate the national Carlos Male 10
unemployment rate. In October2016, 4.9% of those
. . DeAnna  Female 7
interviewed were unemployed: ,

Emily Female 9

3. Fillings How much do prices vary for filling a cavity?
"To find out, an insurance company randomly selects
10 dental practicesiin California and asks for the cash
(non-insurance), price for this procedure at each prac-
tice. The interquartile range is $74.

7. Sample means List all 10 possible SRSs of size n = 2,
P I
pgBEA calculate the mean quiz score for each sample, and displa
q p play
\.’) the sampling distribution of the sample mean on a dotplot.

8. Sample minimums List all 10 possible SRSs of size

. Warm turkey Tom is cooking a large turkey breast for

a holiday meal. He wants to be sure that the turkey is
safeto eat, which requires a minimum internal tem-
perature of 165°F. Tom uses a thermometer to measure
the temperature of the turkey meat at four randomly
chosen points. The minimum reading is 170°F.

. Iced tea On Tuesday, the bottles of Arizona Iced Tea

filled in a plant were supposed to contain an average

of 20 ounces of iced tea. Quality control inspectors
selected 50 bottles at random from the day’s produc-
tion. These bottles contained an average of 19.6 ounces
of iced tea.

10.

n =3, calculate the minimum quiz score for each sam-
ple, and display the sampling distribution of the sample
minimum on a dotplot.

Sample proportions List all 10 possible SRSs of size
n = 2, calculate the proportion of females for each
sample, and display the sampling distribution of the
sample proportion on a dotplot.

Sample medians List all 10 possible SRSs of size

n =3, calculate the median quiz score for each sample,
and display the sampling distribution of the sample
median on a dotplot.



11. Doing homework A school newspaper article claims
that 60% of the students at a large high school com-
pleted their assigned homework last week. Assume that
this claim is true for the 2000 students at the school.

(a) Make a bar graph of the population distribution.

(b) Imagine one possible SRS of size 100 from this
population. Sketch a bar graph of the distribution of
sample data.

12. Tall girls According to the National Center for Health
Statistics, the distribution of height for 16-year-old
females is modeled well by a Normal density curve
with mean p = 64 inches and standard deviation
o = 2.5 inches. Assume this claim is true for the three
hundred 16-year-old females at a large high school.

(a) Make a graph of the population distribution.

(b) Imagine one possible SRS of size 20 from this
population. Sketch a dotplot of the distribution of
sample data.

13. More homework Some skeptical AP® Statistics stu-
ngBEA dents want to investigate the newspaper’s claim in
> Exercise 11, so they choose an SRS of 100 students
from the school to interview. In their sample,
45 students completed their homework last week. Does
this provide convincing evidence that less than 60%
of all students at the school completed their assigned
homework last week?

(a) What is the evidence that less than 60% of all'students
completed their assigned homework last week?

(b) Provide two explanations for the evidence described in
part (a).

We used technology to simulate choosing 250 SRSs of
size n = 100 from a population'of 2000 students where
60% completed their assigned homework last week. The
dotplot shows p = the sample proportion of students who
completed their assigned homework last week for each of
the 250 simulated-samples.

T T T
0.45 0.50 0.55 0.60 0.65 0.70 0.75

P = simulated sample proportion who completed
their assigned homework last week

(¢) There is one dot on the graph at 0.73. Explain what
this value represents.
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(d) Would it be surprising to get a sample proportion
of p = 0.45 or smaller in an SRS of size 100 when
p = 0.60? Justify your answer.

(e) Based on your previous answers, is there convincing
evidence that less than 60% of all students at the school
completed their assigned homework last week? Explain
your reasoning.

14. Tall girls? To see if the claim made in Exercise 12 is
true at their high school, an AP® Statisties;elass chooses
an SRS of twenty 16-year-old females 4t the school
and measures their heights. In their'sample, the mean
height is 64.7 inches. Does this provide convincing evi-
dence that 16-year-old femalesat this school are taller
than 64 inches, on average?

(a) What is the evidence that the average height of all
16-year-old females at this school is greater than 64
inches, on average?

(b) Provide two explanations for the evidence described in
part (a)!

We used‘technology to simulate choosing 250 SRSs of size
n =20.from a population of three hundred 16-year-old
females whose heights follow a Normal distribution with
mean p = 64 inches and standard deviation o = 2.5 inches.
The dotplot shows X = the sample mean height for each of
the 250 simulated samples.

620 625 63.0 635 640 645 650 655 66.0

X = simulated sample mean height (in.)

(¢) There is one dot on the graph at 62.5. Explain what
this value represents.

(d) Would it be surprising to get a sample mean of x = 64.7
or larger in an SRS of size 20 when p = 64 inches and
o = 2.5 inches? Justify your answer.

(e) Based on your previous answers, is there convincing
evidence that the average height of all 16-year-old
females at this school is greater than 64 inches?
Explain your reasoning.

15. Even more homework Refer to Exercises 11 and
13. Suppose that the sample proportion of students
who did all their assigned homework last week is
p =57/100 = 0.57. Would this sample proportion
provide convincing evidence that less than 60% of all
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16.

students at the school completed all their assigned
homework last week? Explain your reasoning.

Even more tall girls Refer to Exercises 12 and 14.
Suppose that the sample mean height of the twenty
16-year-old females is ¥ = 65.8 inches. Would this sam-
ple mean provide convincing evidence that the average
height of all 16-year-old females at this school is greater
than 64 inches? Explain your reasoning.

Exercises 17 and 18 refer to the following setting. During the
winter months, outside temperatures at the Starneses’ cabin
in Colorado can stay well below freezing (32°F, or 0°C) for
weeks at a time. To prevent the pipes from freezing, Mrs.
Starnes sets the thermostat at 50°F. The manufacturer claims
that the thermostat allows variation in home temperature
that follows a Normal distribution with o = 3°F. "To test this
claim, Mrs. Starnes programs her digital thermometer to take
an SRS of n = 10 readings during a 24-hour period. Suppose
the thermostat is working properly and that the actual tem-
peratures in the cabin vary according to a Normal distribution
with mean ¢ = 50°F and standard deviation o = 3°F.

17.

18.

Cold cabin? The dotplot shows the results of taking
300 SRSs of 10 temperature readings from a Normal
population with ¢ = 50 and o = 3 and recording the
sample standard deviation s, each time. Suppose

that the standard deviation from an actual sample is

s, = 5°F. What would you conclude about the thermo-
stat manufacturer’s claim? Explain your reasoning.

T T T T T T
1.0 15 2.0 2.5 S 4.0

s, = simulated sample standard deviation
of temperature (°F)

Really cold cabin ‘The dotplot shows the results of taking
300 SRSs of 10 temperature readings from a Normal
population with+ = 50 and o = 3 and recording the
sample minimum each time. Suppose that the minimum
of an actal sample is 40°F. What would you conclude
about-the thermostat manufacturer’s claim? Explain your
reasoning.

T T T T T T T
38 40 42 44 46 48 50

Simulated sample minimum temperature (°F)

Exercises 19-22 refer to the small population of 4 cars listed in
the table.

Color Age (years)
Red 1
White 5
Silver 8
Red 20

19. Sample proportions List all 6 possible SRSs of size
pglE n = 2, calculate the proportion of red cars in-each
> sample, and display the sampling distribution of the

20.

21.

22.

23.

24.

sample proportion on a dotplot. Is the sample propor-
tion an unbiased estimator of the pepulation propor-
tion? Explain your answer.

Sample minimums List all 6 possible SRSs of size
n = 2, calculate the minimum age for each sample,
and display the sampling distribution of the sample
minimum on a dotplot. Is the sample minimum an
unbiased estimator.of the population minimum?
Fxplain your@dnswer.

More sample proportions List all 4 possible SRSs
of sizesn= 3, calculate the proportion of red cars in
the sample, and display the sampling distribution of
the“sample proportion on a dotplot with the same
scale as the dotplot in Exercise 19. How does the
variability of this sampling distribution compare
with the variability of the sampling distribution
from Exercise 197 What does this indicate about
increasing the sample size?

More sample minimums List all 4 possible SRSs

of size n =3, calculate the minimum age for each
sample, and display the sampling distribution of the
sample minimum on a dotplot with the same scale as
the dotplot in Exercise 20. How does the variability
of this sampling distribution compare with the
variability of the sampling distribution from

Exercise 20?7 What does this indicate about
increasing the sample size?

A sample of teens A study of the health of teenag-
ers plans to measure the blood cholesterol levels of
an SRS of 13- to 16-year-olds. The researchers will
report the mean X from their sample as an estimate
of the mean cholesterol level p in this population.
Explain to someone who knows little about statistics
what it means to say that X is an unbiased estimator
of .

Predict the election A polling organization plans to
ask a random sample of likely voters who they plan to
vote for in an upcoming election. The researchers

will report the sample proportion p that favors the
incumbent as an estimate of the population proportion
p that favors the incumbent. Explain to someone who
knows little about statistics what it means to say that

p is an unbiased estimator of p.



25. Bias and variability The figure shows approximate
sampling distributions of 4 different statistics intended
to estimate the same parameter.

() Hr‘l_l'l_’_"\n -

TPopulation parameter

TPopulation parameter

(iii) HI‘II‘IHI‘I HH

Population parameter

(iv) rl_H_"H

TPopulation parameter

(a) Which statistics are unbiased estimators? Justify your
answer.

(b) Which statistic does the best job of estimating the
parameter? Explain your answer.

Multiple Choice: Select the best answerfor Exercises 26-30.

26. At a particular college, 78% oball students are
receiving some kind of financial aid. The school
newspaper selects a random sample of 100 students
and 72% of the respondents say they are receiving
some sort of financial aid. Which of the following
is true?

(a) 78% is a population and 72% is a sample.
(b) 72%is-a population and 78% is a sample.
(c) 78% is a parameter and 72% is a statistic.
(d)~72% is a parameter and 78% is a statistic.
(€) 72% is a parameter and 100 is a statistic.

27. A statistic is an unbiased estimator of a parameter
when

(a) the statistic is calculated from a random sample.

(b) in a single sample, the value of the statistic is equal to
the value of the parameter.

(¢) in many samples, the values of the statistic are very
close to the value of the parameter.

(d)

)

28.

C)
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in many samples, the values of the statistic are centered
at the value of the parameter.

in many samples, the distribution of the statistic has a
shape that is approximately Normal.

In a residential neighborhood, the distribution of
house values is unimodal and skewed to the right,
with a median of $200,000 and an IOR of $100,000.
For which of the following sample sizes is the'sample
median most likely to be above $250,000?

n=10

n=>50

n =100

n =1000

Impossible to determine without more information.

. Increasing the sample size of an opinion poll will

reduce the

bias of the estimates made from the data collected in
the-poll.

variability of the estimates made from the data
collected in the poll.

effect of nonresponse on the poll.
variability of opinions in the sample.
variability of opinions in the population.

The math department at a small school has 5 teachers.
The ages of these teachers are 23, 34, 37, 42, and 58.
Suppose you select a random sample of 4 teachers

and calculate the sample minimum age. Which of the
following shows the sampling distribution of the sample
minimum age?

20 30 40 50 60

None of these.

Recycle and Review
31. Dem bones (2.2) Osteoporosis is a condition in

which the bones become brittle due to loss of miner-
als. To diagnose osteoporosis, an elaborate apparatus
measures bone mineral density (BMD). BMD is usu-
ally reported in standardized form. The standardiza-
tion is based on a population of healthy young adults.
The World Health Organization (WHO) criterion
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for osteoporosis is a BMD score that is 2.5 standard
deviations below the mean for young adults. BMD
measurements in a population of people similar in age
and gender roughly follow a Normal distribution.

(a) What percent of healthy young adults have osteoporosis
by the WHO criterion?

(b) Women aged 70 to 79 are, of course, not young adults.
The mean BMD in this age group is about —2 on
the standard scale for young adults. Suppose that the
standard deviation is the same as for young adults.
What percent of this older population has osteoporosis?

32. Squirrels and their food supply (3.2) Animal species
produce more offspring when their supply of food goes
up. Some animals appear able to anticipate unusual
food abundance. Red squirrels eat seeds from pine-
cones, a food source that sometimes has very large
crops. Researchers collected data on an index of the
abundance of pinecones and the average number of
offspring per female over 16 years.* Computer output
from a least-squares regression on these data and a
residual plot are shown here.

Predictor Coef SE Coef T P
Constant 1.4146 0.2517 5.62 0.000
Cone index 0.4399 0.1016 4.33 0.001

S=0.600309 R-Sg=57.2% R-Sg(adj)=154.2%
1.5
1.0 —
0.5 . . ‘

0--° A

Residual

-0.5 + .

-1.0

Cone index

(a) Isalinear model appropriate for these data? Explain.

(b) Give the equation forthe least-squares regression line.
Define any variables you use.

() Interpret the yahies of > and s in context.

01 42 Sample Proportions

sampling distribution of a sample proportion p
and interpret the standard deviation.

 Determine if the sampling-distribution of p is
approximately Normal.

e (alculate the mean.and the standard deviation
of the sampling-distribution of a difference in

LEARNING TARGETS By the end of the section, you should be able to:

e (Calculate the mean and standard deyiation of the

sample proportions p; — p, and interpret the
standard deviation.

« Determine if the sampling distribution of p; — p,
is approximately Normal.

 |f appropriate, use a Normal distribution to cal-
culate probabilities involving p or p; — py.

What proportion of U.S. teens know that 1492 was the year in which Columbus
“discovered” America? A Gallup Poll found that 210 out of a random sample
of 501 American teens aged 13 to 17 knew this historically important date.” The
sample proportion
L)
501

is the statistic that we use to gain information about the unknown population
proportion p. Because another random sample of 501 teens would likely result in
a different estimate, we can only say that “about” 42% of all U.S. teenagers know
that Columbus discovered America in 1492. In this section, we’ll use sampling
distributions to clarify what “about” means.



FIGURE 7.8 Approximate

sampling distribution of the sample
proportion of pennies from the
2000s in 50 samples of size n'=20
from a population of pennies:
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The Sampling Distribution of p

When Mrs. Gallas’s class did the “Penny for your thoughts”™ activity at the begin-
ning of the chapter, her students produced the “detplot” in Figure 7.8. This graph
approximates the sampling distribution of the sample proportion of pennies from
the 2000s for samples of size n = 20 from Mrs. Gallas’s population of pennies.

DEFINITION Sampling distribution of the sample proportion

The sampling distribution of the sample proportion p describes the distribution
of values taken by the sample proportion p in all possible samples of the same

size from the same

population.
5
PP
A A
PP
P PP
PP PP
PP PP PP
PP PP PP
A A A A A A A
P PP PP PP
PP PP PP PP
P PP PP PP P PP P
T T T T T T 1T T
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

P = sample proportion of pennics from 20005 (n = 20)

This distribution is roughly symmetric with a mean of about 0.65 and a stan-
dard deviation of about 0.10. By the end of this section, you should be able to
anticipate the shape, center, and variability of distributions like this one without

getting your hands d

irty in a jar of pennies.

'\ AL'ALR M The candy machine

Imagine a very large candy machine filled with orange, brown, and yellow
candies. When you insert money, the machine dispenses a sample of candies.
In this activity, you will use an applet to investigate the shape, center, and
variability of the sampling distribution of the sample proportion .

FOXTROT©2005 Bill Amend. Andrews

McMeel Syndicate.
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1. Launch the Reese’s Pieces® applet at www.rossmanchance.com/applets.
Make sure the Probability of orange = 0.5, Number of candies (sample size) =
25, and Number of samples = 1. Choose “Proportion of orange” as the statistic
to be calculated and check the box for Summary stats to be calculated, as
shown in the screen shot for Step 2.

2. Click on the “Draw Samples” button. An animated simple random sample
of n = 25 candies should be dispensed. The following screen shot shows the
results of one such sample where the sample proportion of orange candies
was p = 0.360. How far was your sample proportion of orange candies from
the actual population proportion, p = 0.50?

Reese’s Pieces®

Probability of orange

Number of candies

Number of samples

Animate

Draw Samples

Total =1

O Number of orange
®© Proportion of orange

As extreme as :|

Most recent p= 0.360

Summary Stats

3. Click “Draw Samples” 9 more times so that you have a total of 10 sample
proportions. Léok at the dotplot of your p values. What is the mean of your
10 sample proportions? What is their standard deviation?

4. To takemmany more samples quickly, enter 990 in the “Number of
samplés” box. Click on the “Animate” box to turn the animation off. Then
chiek~“Draw Samples.” You have now taken a total of 1000 samples of
25.candies from the machine. Describe the shape, center, and variability of
the approximate sampling distribution of p shown in the dotplot.

5. How does the sampling distribution of p change if the proportion of
orange candies in the machine is different from p = 0.5? Use the applet
to investigate this question. Then write a brief summary of what you
learned.

6. How does the sampling distribution of p change if the machine dispenses a
different number of candies (n)? Use the applet to investigate this question.
Then write a brief summary of what you learned.

7. For what combinations of n and p is the sampling distribution of p approximately
Normal? Use the applet to investigate this question. Then write a brief summary
of what you learned.

The graphs in Figure 7.9 show approximate sampling distributions of p for dif-
ferent combinations of p (population proportion) and n (sample size).
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Mean = 0.100 Mean = 0.500 Mean = 0.900
SD = 0.060 SD =0.100 SD = 0.060
1 I | | | I 1 1 I |
T T T f T T T T f T T T
0 0.08 0.16 0.24 0.32 012 024 036 048 060 072 084 0.56 0.64 0.72 0.80 0.88 0.96
p = sample proportion of orange candies p = sample proportion of orange candies p = sample proportion of orange candies
(p =0.10, n = 25) (p =0.50, n = 25) (p = 090,12 =25)
Mean = 0.100 Mean = 0.500 Mean = 0.900
SD =0.030 SD =0.050 SD =0.030
I|I|||‘ h !Illll : : : : 1 |I : : : |I|||||||‘ |I||||
0 0.08 0.16 0.24 0.32 012 024 036 048 0.60 072 084 0.56 0.64 0.72 0.80 0.88 0.96
p = sample proportion of orange candies P = sample proportion of orange candies p = sample proportion of orange candies
(p=0.10, n =100) (p =0.50, n = 100) (p =0.90, n =100)

FIGURE 7.9 Approximate sampling distributions of p = sample proportion-of orange candies for different combinations of p (population
proportion) and n (sample size).

What do these graphs teach us about the sampling distribution of p?

Shape: When'i'is small and p is close to 0, the sampling distribution of p is
skewed to-the right. When n is small and p is close to 1, the sampling distribution
of p is skewed to the left. Finally, the sampling distribution of p becomes more
Normal when p is closer to 0.5 or n is larger (or both).

Center: The mean of the sampling distribution of p is equal to the population
proportion p. This makes sense because the sample proportion p is an unbiased
estimator of p.

Variability: The value of g; depends on both n and p. For a specific sample size,
the standard deviation o is larger for values of p close to 0.5 and smaller for
values of p close to 0 or 1. For a specific value of p, the standard deviation o
gets smaller as n gets larger. Specifically, multiplying the sample size by 4 cuts the
standard deviation in half.

Here’s a summary of the important facts about the sampling distribution

of p.

SAMPLING DISTRIBUTION OF A SAMPLE PROPORTION p

Choose an SRS of size n from a population of size N with proportion p of
successes. Let p be the sample proportion of successes. Then:

* The mean of the sampling distribution of p is 1y = p.
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e The standard deviation of the sampling distribution of p is approximately

pll—p)

n

p

as long as the 10% condition is satisfied: n < 0.10N. The value o; measures
the typical distance between a sample proportion p and the population
proportion p.

 The sampling distribution of p is approximately Normal as long as the
Large Counts condition is satistied: np > 10 and n(1 — p) > 10.

We call it the “Large Counts”
condition because np is the expected
count of successes in the sample
and n(1— p) is the expected count of
failures in the sample.

PROBLEM: Suppose’that 84% of students at a large high school reg-
ularly use a backpack to carry their books from class to class. Imagine
taking an SRS.of 100 students and calculating p = the proportion of
students in'the sample who regularly use a backpack.

(a) Identify the mean of the sampling distribution of p.

(b) Calculate and interpret the standard deviation of the sampling
distribution of p. Verify that the 10% condition is met.

(c) Describe the shape of the sampling distribution of p. Justify your

dNSWET.

The two conditions mentioned in the preceding box are very important.

Large Counts condition: If we assume that the sampling distribution of
p is approximately Normal when it isn’t, any calculations we make using a
Normal distribution will be flawed.

10% condition: When we sample with replacement, the standard deviation of

the sampling distribution of p is exactly o = /M When we sample
n

without replacement, the observations are not independent, and the actual
standard deviation of the sampling distribution of p is smaller than the value
given by the formula. If the sample size is less than 10% of the population
size, however, the value given by the formula is nearly correct.

Because larger random samples give better information, it sometimes makes

sense to sample more'than 10% of a population. In such a case, there is an adjust-
ment we can maketo the formula for g; that correctly reduces the standard devi-
ation. The adjustment is called a finite population correction (FPC). We'll avoid
situations that'require the FPC in this text.

Backing the pack
The sampling distribution of p

bo1982/Getty Images



SOLUTION:
(a) p;=0.64

(b) Assuming that n=100 students is less than 10% of students in a large
high school, the standard deviation is approximately
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My =P

When n < 0.10N,

. 8 __ [pd=p)

64(1—0.84 P

ap=\/o (1=084) _ 00367 n
100

In SRSs of size 100, the sample proportion of students who regularly use a When p >10'and

backpack will typically vary by about 0.0367 from the true proportion of p = 0.64.

(c) Because100(0.64)=8&4

distribution of p is approximately Normal. approximately Normal.

n(1— p)=>10, the
>10and100(1—0.84) =16 >10, the sampling | sampling distribution of p is

FOR PRACTICE, TRY EXERCISE 33

3

Think About It

HOW IS THE SAMPLING DISTRIBUTION OF p RELATED TO THE BINOMIAL
COUNT X? From Chapter 6, we know that the mean and standard deviation of
a binomial random variable X-are

px =np and oy = \np(l—p)
The sample proportionof successes is closely related to X:

~ “count of successes in sample X

sample size n
Because p =X = (1/n)X, we're just multiplying the random variable X by a
constant{(1/n) to get the random variable p. Recall from Chapter 6 that mul-
tiplying-a random variable by a constant multiplies both the mean and the
standard deviation by that constant. We have

() = p

. %Ux ) %m: \/npiz—p) _ \//J(l;p)

What about shape? Multiplying a random variable by a positive constant doesn’t
change the shape of the probability distribution. So the sampling distribution of p
will have the same shape as the distribution of the binomial random variable X. If
you remember the subsection in Chapter 6 about the Normal approximation to a
binomial distribution, you already know that a Normal distribution can be used to
approximate the sampling distribution of p whenever both np and n(1 — p) are at
least 10.

1
Hp :gﬂx =

ﬁ CHECK YOUR UNDERSTANDING

Suppose that 75% of young adult Internet users (ages 18 to 29) watch online
videos. A polling organization contacts an SRS of 1000 young adult Internet
. users and calculates the proportion p in this sample who watch online videos.

L]

j 1. Identify the mean of the sampling distribution of p.

2. Calculate and interpret the standard deviation of the sampling distribution
of p. Check that the 10% condition is met.

continues on next page
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3. Is the sampling distribution of p approximately Normal? Check that the Large
Counts condition is met.

4. If the sample size were 9000 rather than 1000, how would this change the sampling
distribution of p?

Using the Normal Approximation for Cff

Inference about a population proportion p is based on the sampling distribiition of p.
When the sample size is large enough for np and n(1 — p) to both be atleast 10 (the
Large Counts condition), the sampling distribution of p is approximately Normal. In
that case, we can use a Normal distribution to estimate the probability of obtaining an
SRS in which p lies in a specified interval of values. Here is an-example.

&
Going to college
Normal calculations involving p

PROBLEM: A polling organization asks an SRS of 1500 first-year college students
how far away their home is. Suppose that 35% of all first-year students attend college
within 50 miles of home. Find the probability that the random sample of 1500 students
will give a result within 2 percentage points of the true value:

SOLUTION:

Let p = sample proportion of all first-year college students who attend college
within 50 miles of home.

Ivan Vukovic/Shutterstock

mp = 0.35 Calculate the mean and standard deviation of
the sampling distribution of p.

p(1—p)

/’Lﬁ = p Uﬁ =
b 4 n
o, = [OFNOG5) _ ;0155
1500

Because np = 1500(0.35) =525 > 10 andn(1— p) =
1500(0.65) = 975 > 10, the distribution of p is
approximately Normal.

Assuming that 1500 < 10% of all first=year college students,

Justify that the distribution of p is
approximately Normal using the Large
Counts condition.

| 1. Draw a Normal distribution.

T T T T T I T
0.3131 0.315‘4“ 0.3377 0.38 0.3623 / 0.3746 0.3869
A

p=033 p=037
p = sample proportion within 50 miles
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() z= 0.53—-0.35 ——163 and z=—= 0.37 - 0.35 —1.63 2. Perform calculations.
0.0123 0.0123 (i) Standardize and use Table A or

Using Table A: P(0.33 < p < 0.37) = P(—1.63 < z < 1.63) techinology; or

_ = (i) Use technology without standardizing.
= 0.9484 —0.0516 = 0.86968 Be sure to answer the question that was

Using technology: normalcdf (lower: —1.63, upper:1.63, mean:0,SD:1) asked.
= 0.6969

(ii) normalcdf (lower:0.33, upper:0.37, mean:0.35, $D:0.0123) = 0.69611

FOR PRACTICE, TRY EXERCISE 43

In the preceding example, about 90% of all SRSs of size 1500 from this popu-
lation will give a result within 2 percentage points of-the truth about the popula-
tion. This result also suggests that in about 90% of.all SRSs of size 1500 from this
population, the true proportion will be within, 2 percentage points of the sam-
ple proportion. This fact will become very-important in Chapter 8 when we use
sample data to create an interval of plausible values for a population parameter.

The Sampling Distribution of a Difference
Between Two Proportions

—a 2T

Are males or females more likely to use Twitter? Many statistical questions involve
comparing the proportion of individuals with a certain characteristic in two pop-
ulations. Let’s\call these parameters of interest p; and p;. The preferred strategy
is to take a separate random sample from each population and to compare the
sample proportions p; and p, with that characteristic.

Which of two treatments is more successful for helping people quit smoking?
A randomized experiment can be used to answer this question. This time, the
parameters p; and p; that we want to compare are the true proportions of
successful outcomes for each treatment. We use the proportions of successes in
the two treatment groups, p; and p, to make the comparison. Here’s a table that
summarizes these two situations:

Population or treatment Parameter Statistic Sample size
1 P P m
2 P2 P2 I

We compare the populations or treatments by doing inference about the differ-
ence p; — p; between the parameters. The statistic that estimates this difference
is the difference between the two sample proportions, p; — p,. To explore the
sampling distribution of p; — p, let’s start with two populations having a known
proportion of successes.

Suppose there are two large high schools—each with more than 2000
students—in a certain town. At School 1, 70% of students did their homework last
night (py = 0.70). Only 50% of the students at School 2 did their homework
last night (p, = 0.50). The counselor at School 1 selects an SRS of 100 students
and records the proportion pj that did the homework. School 2’s counselor selects
an SRS of 200 students and records the proportion p, that did the homework.
What can we say about the difference p; — p; in the sample proportions?

MachineHeadz/Getty Images
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FIGURE 7.10 Simulated sampling
distribution of the difference in
sample proportions p; — P, in

500 SRSs of size n; = 100 from

a population with p; = 0.70 and
500 SRSs of size n, = 200 from a
population with p, = 0.50.

Earlier in this section, we saw that the sampling distribution of a sample pro-
portion p has the following properties:

Shape: Approximately Normal if np > 10 and n(1—p) > 10
Center: j; = p

Variability: o5 = [P2=E)if < 010N

n

For the sampling distributions of p; and p, in this case:

Sampling distribution of p, Sampling distribution.of g,

Shape Approximately Normal; Approximately Normal;
nmp; = 100(0.70) = 70 > 10 and ny,p, = 200(0.50)= 100 > 10 and
n(1—p;) =100(0.30) =30 >10 ny(1— p,) = 200(0.50) =100 > 10
Center wy = P1=0.70 115, = Py = 0.50
Variability o [el=p) _ \/0,7(0,3) o L [Pa(1=p2) _ \/0.5(0.5)
P n 100 P n, 200
=0.0458 =0.0354
because 100 < 10% of all students at because 200 < 10% of all students at
School 1. School 2.

What about the sampling distribution of p; — p,? We used software to ran-
domly select 100 students from School 1 and 200 students from School 2. Our
first set of samples gave'p; = 0.72 and p, = 0.47, resulting in a difference of
p1 — P, = 0.72—0.47= 0.25. A red dot for this value appears in Figure 7.10. The
dotplot shows the results of repeating this process 500 times.

T
0.20 0.25

1’7\1 _192

The figure suggests that the sampling distribution of p; — p, has an approxi-
mately Normal shape. This makes sense from what you learned in Section 6.2
because we are subtracting two independent random variables, p; and p,, that
have approximately Normal distributions.

The mean of the sampling distribution is 0.20. The true proportion of students
who did last night’s homework at School 1 is py = 0.70 and at School 2 is
p2 = 0.50. We expect the difference p; — p; to center on the actual difference in
the population proportions, p; — p, = 0.70 — 0.50 = 0.20. The standard deviation
of the sampling distribution is 0.058. It can be found using the formula

pl=p)  po(=p2) :\/0-7<0-3)+0-5(0-5>
m ny IOO ZOO

= 0.058
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That is, the difference (School 1 — School 2) in the sample proportions of students
at the two schools who did their homework last night typically varies by about
0.058 from the true difference in proportions of 0.20.

=
THE SAMPLING DISTRIBUTION OF p, — p,

Choose an SRS of size nj from Population 1 with proportion of successes
p and an independent SRS of size n; from Population 2 with proportion of
successes py. Then:

 The sampling distribution of p; — p, is approximately Normal
if the Large Counts condition is met for both samples: imypr> 10,
ny(1—p) >10,n3p, > 10, and nz(1—p;) > 10,

* The mean of the sampling distribution of p; — pys Ho—p, = P1 — P2

 The standard deviation of the sampling distribution of p; — p; is
approximately

o5, :\/Pl(l—Pl)Jer(l—Pz)

m n

as long as the 10% condition is-met for both samples: n; < 0.10N} and
n; < OIONZ

Note that the formula'for the standard deviation is exactly correct only when

we have two types of independence:

Independent samples, so that we can add the variances of p; and p,.

Independent observations within each sample. When sampling without
replacement, the actual value of the standard deviation is smaller than the
formula suggests. However, if the 10% condition is met for both samples, the
difference is negligible.

‘The standard deviation of the sampling distribution tells us how much the dif-

ference in sample proportions will typically vary from the difference in the popu-
lation proportions if we repeat the random sampling process many times.

Think About It

WHERE DO THE FORMULAS FOR THE MEAN AND STANDARD DEVIATION OF
THE SAMPLING DISTRIBUTION OF p; — p, COME FROM? Both p; and p; are

random variables. That is, their values would vary in repeated independent
SRSs of size nj and n,. Independent random samples yield independent ran-
dom variables p; and p,. The statistic p; — p; is the difference of these two inde-
pendent random variables.

In Chapter 6, we learned that for any two random variables X and Y,

Hx—y = px — My

For the random variables p; and p,, we have
Fhpp = Hp —Hp =P1— P2
We also learned in Chapter 6 that for independent random variables X and Y,

a;zg,y = O';Z( + a%
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For the random variables p; and p,, we have

2 2
m(l—m] +[ Pz(l—Pz>]

o'% N :0'% —}-ou =
2 P2 nl nz

_pld=p)  pd—p)

m )

m 1

Soo; s :\/P1(1P1>+Pz(1pz).

When the conditions are met, we can use the Normal densitycurve shown in
Figure 7.11 to model the sampling distribution of p; — p,. Note that this would
allow us to calculate probabilities involving p; — p, with aNormal distribution.

Standard'deviation:

‘\/Pl(l P1) Po(1-py)

ny

When we analyzed the results

of randomized experiments in
Section 4.3, we used simulation to
create a randomization distribution
by repeatedly reallocating individuals
to treatment groups. Fortunately for
us, randomization distributions of

by — P, roughly follow the same rules
for shape, center, and variability as
sampling distributions of p; — ps.

‘
3%

:\‘5\‘
&e 3 o'

Values of p, - p,

FIGURE 7.11 Select independent SRSs from two populations having proportions of successes
pyand p,. The proportions:of successes in the two samples are p; and p,. When the conditions
are met, the sampling, distribution of p; — p, is approximately Normal with mean p; — p, and
\/p1(1 p1) n po(1— Pz)_

M

n

standard deviation

&

Yummy goldfish!
The sampling distribution of p; — p,

PROBLEM: Your teacher brings two bags of colored goldfish crackers to

class. Bag 1 has 25% red crackers and Bag 2 has 35% red crackers. Each
bag contains meore than 1000 crackers. Using a paper cup, your teacher

takes an SRS of 50 crackers from Bag 1 and an independent SRS of “ a! ~

40 crackers from Bag 2. Let p — p, be the difference in the sample

proportions of red crackers
(a) What is the shape of the sampling distribution of p; — p,? Why? ~ J’L ~
(b) Find the mean of the sampling distribution. “

(c) Calculate and interpret the standard deviation of the sampling
distribution. Verify that the 10% condition is met.

(d) Estimate the probability that the proportion of red crackers in the
sample from Bag 1 is greater than the proportion of red crackers in
the sample from Bag 2.

Envision/Getty Images
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sl

=

SOLUTION:

(a) Approximately Normal, because n,p; =50(0.25)=12.5, Note that these values are the
n4(1—p4)=50(0.75)=37.5,n,p, = 40(0.35) =14, expected numbers of successes and
andny (1—p,)=40(0.65)=26 are all > 10. failures in the two samples.

(b) pp,—5, =0.25—0.35=—0.10

(c) Because 50 < 10% of all crackers in Bag 1 and 40 < 10% of all Hrpp = P1= P2
crackers in Bag 2,

_[p=p1) | ps(1—p2)
o \/0.25(0.75) _ 035(065) _ ) 191 o 5= \/ b B
50 40 1 2

The difference (Bag 1 — Bag 2) in the sample proportions of red goldfish crackers typicallyvaries by about
0.097 from the true difference in proportions of —0.10.

(d) We want to find P(p; > p, ), which is equivalent to P(p; — p, > O).

l 1:,.Draw a Normal distribution.

I I 1 I 1 | |
-0.3913 -02942 -0.19#1 -0.1 —0.05N0941 0.1913
A A
Pr=p=0

P, — by = difference inthe sample proportions of red crackers in bag 1 and bag 2

2. Perform calculations.

(i) z= 0—-(=010) _, 53 (i) Standardize and use Table A or
0.0971 technology; or

Using Table A: P(p1 — pp > 0) = P(z > 1.03) = 1— 0.8485 = (i) Use technology without

0.1515 standardizing.

) Be sure to answer the question that

Using technology:nermalcdf (lower:1.03, upper:1000, mean:0, SD:1)= | was asked.

0.1515

(ii) normalcdf(lower:0, upper:1000, mean:—0.10,5D:0.0971)=0.1515

FOR PRACTICE, TRY EXERCISE 49

®  When we want information about the population proportion p of successes,
we often take an SRS and use the sample proportion p to estimate the
unknown parameter p. The sampling distribution of the sample proportion
p describes how the statistic p varies in all possible samples of the same size
from the population.

»  Shape: The sampling distribution of p is approximately Normal when
both np >10 and n(1—p) > 10 (the Large Counts condition).
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= Center: The mean of the sampling distribution of p is B =P So p is an
unbiased estimator of p.

*  Variability: The standard deviation of the sampling distribution of p is
approximately oy = {/p(1 — p)/n for an SRS of size n. This formula can be
used if the sample size is less than 10% of the population size (the 10%
condition).

® Choose independent SRSs of size n; from Population 1 with proportion of

successes py and of size n, from Population 2 with proportion of successes-ps.

The sampling distribution of p; — p, has the following properties:

= Shape: Approximately Normal if the Large Counts condition-is met:
mpy, n(L—py), naps, and ny (1 — ps) are all at least 10.

*  Center: The mean of the sampling distribution is 5 5 & by — po.
= Variability: The standard deviation of the sampling distribution is approxi-
mately 0 _p, = \/pl(1 —p) + pr(1—p)

1—P2 n 1,

as long as'the 10% condition is

met: n; < 0.10N;and n; < 0.10N5.

35. ‘Orange Skittles® The makers of Skittles claim that 20%
of Skittles candies are orange. Suppose this claim is true.
You select a random sample of 30 Skittles from a large bag.
Let p = the proportion of orange Skittles in the sample.

33. Registered voters In a congressional district, 55% of
ngEll registered voters are Democrats. A polling organization
(p) selects a random sample of 500 registered voters from

this district. Let p = the proportion of Democrats in

O S (a) Identify the mean of the sampling distribution of p.

) oy e vacse of e smupl Lo il . (b) Calculate and interpret the standard deviation of

the sampling distribution of p. Verify that the 10%

condition is met.

(b) Calculate and interpret the standard deviation of
the sampling distribution of p. Verify that the 10%

S (¢) Describe the shape of the sampling distribution of p.
(¢) Describe the shape of the sampling distribution of p. Justify your answer.

Justify your answer. 36. Male workers A factory employs 3000 unionized

34.

(a)

Married with children‘According to a recent U.S.
Bureau of Labor Statistics report, the proportion

of married couplesiwith children in which both
parents work outside the home is 59%.° You select
an SRS of 50'married couples with children and let
p = the sample proportion of couples in which both
parents work outside the home.

Identify the mean of the sampling distribution
of p.

Calculate and interpret the standard deviation of
the sampling distribution of p. Verify that the 10%

condition is met.

Describe the shape of the sampling distribution of p.
Justify your answer.

(a)
(b)

(©

37.

workers, 90% of whom are male. A random sample of
15 workers is selected for a survey about worker satisfac-
tion. Let p = the proportion of males in the sample.

Identify the mean of the sampling distribution of p.

Calculate and interpret the standard deviation of
the sampling distribution of p. Verify that the 10%

condition is met.

Describe the shape of the sampling distribution of p.
Justify your answer.

More Skittles® What sample size would be required
to reduce the standard deviation of the sampling distri-
bution to one-half the value you found in Exercise 35(b)?
Justify your answer.



38.

39.

42.

More workers What sample size would be required
to reduce the standard deviation of the sampling
distribution to one-third the value you found in
Exercise 36(b)? Justify your answer.

Airport security The Transportation Security
Administration (T'SA) is responsible for airport safety.
On some flights, T'SA officers randomly select passengers
for an extra security check before boarding. One such
flight had 76 passengers— 12 in first class and 64 in
coach class. T'SA officers selected an SRS of 10 passengers
for screening. Let p be the proportion of first-class
passengers in the sample.

Show that the 10% condition is not met in this case.

What effect does violating the 10% condition have on
the standard deviation of the sampling distribution of p?

. Don’t pick me! Instead of collecting homework

from all of her students, Mrs. Friedman randomly
selects 5 of her 30 students and collects homework
from only those students. Let p be the proportion
of students in the sample that completed their
homework.

Show that the 10% condition is not met in this case.

What effect does violating the 10% condition have on
the standard deviation of the sampling distribution of p?

. Do you drink the cereal milk? A USA Today

poll asked a random sample of 1012 U.S. adults
what they do with the milk in the bowl afterithey
have eaten the cereal. Let p be the proportion of
people in the sample who drink the éereal milk. A
spokesman for the dairy industry.claims that 70% of
all U.S. adults drink the cerealmilk. Suppose this

claim is true.
What is the mean of the sampling distribution of p?

Find the standard deviation of the sampling
distribution of p. Verify that the 10% condition is met.

Verify that the-sampling distribution of p is
approximately Normal.

Of the-poll respondents, 67% said that they drink the
cereal milk. Find the probability of obtaining a sample
051012 adults in which 67% or fewer say they drink the
cereal milk, assuming the milk industry spokesman’s
claim is true.

Does this poll give convincing evidence against the
spokesman’s claim? Explain your reasoning.

Do you go to church? The Gallup Poll asked a ran-
dom sample of 1785 adults if they attended church
during the past week. Let p be the proportion of peo-
ple in the sample who attended church. A newspaper
report claims that 40% of all U.S. adults went to church
last week. Suppose this claim is true.

(a)
(b)

©

d

(e)

43.
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What is the mean of the sampling distribution of ?

Find the standard deviation of the sampling
distribution of p. Verify that the 10% condition is met.

Verify that the sampling distribution of p is
approximately Normal.

Of the poll respondents, 44% said they did attend
church last week. Find the probability of obtaining a
sample of 1785 adults in which 44% or more say they
attended church last week, assuming the newspaper
report’s claim is true.

Does this poll give convincingevidence against the
newspaper’s claim? Explain your reasoning.

Students on diets Suppose that 70% of college

pgEEA women have been ona.diet within the past 12 months.
) A sample survey interviews an SRS of 267 college

44,

45.

46.

women. Whatisthe probability that 75% or more of
the women'in the sample have been on a diet?

Who owns a Harley? Harley-Davidson motorcycles
make-tp 14% of all the motorcycles registered in
the/United States. You plan to interview an SRS of
500 motorcycle owners. How likely is your sample to
contain 20% or more who own Harleys?

On-time shipping A mail-order company advertises
that it ships 90% of its orders within three working days.
You select an SRS of 100 of the 5000 orders received in
the past week for an audit. The audit reveals that 86 of
these orders were shipped on time.

If the company really ships 90% of its orders on time,
what is the probability that the proportion in an SRS of
100 orders is 0.86 or less?

Based on your answer to part (a), is there convincing
evidence that less than 90% of all orders from this
company are shipped within three working days?
Explain your reasoning.

Wait times A hospital claims that 75% of people who
come to its emergency room are seen by a doctor within
30 minutes of checking in. To verify this claim, an
auditor inspects the medical records of 55 randomly
selected patients who checked into the emergency room
during the last year. Only 32 (58.2%) of these patients
were seen by a doctor within 30 minutes of checking in.

If the wait time is less than 30 minutes for 75% of all
patients in the emergency room, what is the probability
that the proportion of patients who wait less than

30 minutes is 0.582 or less in a random sample of

55 patients?

Based on your answer to part (a), is there convincing
evidence that less than 75% of all patients in the
emergency room wait less than 30 minutes? Explain
your reasoning.
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47.

48.

49.

AP® enrollment Suppose that 30% of female students
and 25% of male students at a large high school are
enrolled in an AP® class. Independent random samples
of 20 females and 20 males are selected and are asked
if they are enrolled in an AP® class. Let py; represent
the sample proportion of females enrolled in an AP®
class and let py; represent the sample proportion of
males enrolled in an AP® class.

Find the mean of the sampling distribution of pp — py.

Calculate and interpret the standard deviation of the
sampling distribution. Verify that the 10% condition
is met.

Is the shape of the sampling distribution approximately
Normal? Justify your answer.

Athletic participation Suppose that 20% of students at
high school A and 18% of students at high school B
participate on a school athletic team. Independent
random samples of 30 students from each school

are selected and are asked if they participate on a
school athletic team. Let p4 represent the sample
proportion of students at school A who participate on

a school athletic team and let p represent the sample
proportion of students at school B who participate on a
school athletic team.

Find the mean of the sampling distribution of p — pp.

Calculate and interpret the standard deviation of the
sampling distribution. Verify that the 10% condition
is met.

Is the shape of the sampling distribution approximately
Normal? Justify your answer.

I want red! A candy maker offers Child:and Adult bags

pgEEA of jelly beans with different color mixes. The company
> claims that the Child mix has 30% red jelly beans,

while the Adult mix contains 15% red jelly beans.
Assume that the candy make¥’s'claim is true. Suppose
we take a random sample'of 50 jelly beans from the
Child mix and an independent random sample of
100 jelly beans from.the Adult mix. Let p¢ and p4 be
the sample proportions of red jelly beans from the
Child and Adultimixes, respectively.

What is the shape of the sampling distribution of
pc =pa? Why?
Find the mean of the sampling distribution.

Calculate and interpret the standard deviation of the
sampling distribution. Verify that the 10% condition is met.

Find the probability that the proportion of red jelly
beans in the Child sample is less than or equal to the
proportion of red jelly beans in the Adult sample,
assuming that the company’s claim is true.

50.

(a)

(b)
(©)

(d)

51

52.

Literacy A researcher reports that 80% of high
school graduates, but only 40% of high school
dropouts, would pass a basic literacy test.” Assume
that the researcher’s claim is true. Suppose we
give a basic literacy test to a random sample of 60
high school graduates and an independent random
sample of 75 high school dropouts. Let p¢ and

pp be the sample proportions of graduates and
dropouts, respectively, who pass the test.

What is the shape of the sampling distribution of
pc — pp? Why?
Find the mean of the sampling distribution:

Calculate and interpret the standard-deviation
of the sampling distribution. Verify that the 10%

condition is met.

Find the probability thatthe proportion of graduates
who pass the test is at most 0.20 higher than the
proportion of dropouts'who pass, assuming that the
researcher’s reportis correct.

I want red! Refer to Exercise 49. Suppose that the
Child and ‘Adult samples contain an equal proportion
of red jelly beans. Based on your result in part (d) of
Exetcise 49, would this give you reason to doubt the
company’s claim? Explain your reasoning.

Literacy Refer to Exercise 50. Suppose that the
difference (Graduate — Dropout) in the sample
proportions who pass the test is exactly 0.20. Based
on your result in part (d) in Exercise 50, would this
give you reason to doubt the researcher’s claim?
Explain your reasoning.

Multiple Choice Select the best answer for Exercises 53-56.
Exercises 53-55 refer to the following setting. 'The magazine
Sports lllustrated asked a random sample of 750 Division |
college athletes, “Do you believe performance-enhancing
drugs are a problem in college sports?” Suppose that 30% of
all Division I athletes think that these drugs are a problem.
Let p be the sample proportion who say that these drugs are
a problem.

53.

Which of the following are the mean and standard
deviation of the sampling distribution of the sample
proportion f?

Mean = 0.30, SD = 0.017
Mean = 0.30, SD = 0.55
Mean = 0.30, SD = 0.0003
Mean = 225, SD =12.5
Mean = 225, SD =157.5



54. Decreasing the sample size from 750 to 375 would
multiply the standard deviation by

@) 2. (d) 1A/2.
(b) V2 (e) none of these.
(c) 1/2.

55. The sampling distribution of p is approximately
Normal because

a) there are at least 7500 Division I college athletes.
np = 225 and n(1— p) = 525 are both at least 10.

&

[=D
=

(

(

(c) arandom sample was chosen.

(d) the athletes’ responses are quantitative.
(

e) the sampling distribution of p always has this shape.

56. In a congressional district, 55% of the registered voters
are Democrats. Which of the following is equivalent to
the probability of getting less than 50% Democrats in a
random sample of size 100?

0.50—0.55]
<7

p
@ P|z 100

_ 050055
0.55(0.45)
100

0.55—0.50
0.55(0.45)
100
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=

(d) P[z <

(e) P[z <

Recycle and Review

57. Sharing music online (5.2, 5.3) A sample'survey
reports that 29% of Internet users download music files
online, 21% share music files from their computers,
and 12% both download and shaye wusic.”

0.50—0.55
100(0.55)(0.45)

0.55—0.50
100(0.55)(0.45)

(a) Make a two-way table that displays this information.

(b) What percent of Internetusers neither download nor
share music files?

(c) Given that an Internet user downloads music files
online, what is'the probability that this person also
shares music!files?

58. Whole grains (4.2) A series of observational studies
revealed that people who typically consume 3 servings
ofwhole grain per day have about a 20% lower risk of
dying from heart disease and about a 15% lower risk of
dying from stroke or cancer than those who consume
no whole grains.”

(a) Explain how confounding makes it difficult to establish
a cause-and-effect relationship between whole grain
consumption and risk of dying from heart disease,
stroke, or cancer, based on these studies.

(b) Explain how researchers could establish a cause-and-
effect relationship in this context.

SAn il s Sample Means

LEARNING TARGETS By the end of the section, you should be able to:

sample means x; — X, and interpret the standard

¢ (Calculate the mean and standard deviation of the

sampling distribution of a sample mean x and
interpret the standard deviation.

* Explain how the shape of the sampling
distribution of x is affected by the shape of the
population distribution and the sample size.

 (Calculate the mean and the standard deviation
of the sampling distribution of a difference in

deviation.

e Determine if the sampling distribution of x; — Xx»
is approximately Normal.

* |f appropriate, use a Normal distribution to
calculate probabilities involving x or x; — Xo.
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CHAPTER 7

SAMPLING DISTRIBUTIONS

FIGURE 7.12 Approximate
sampling distribution of the

sample mean year of pennies
in 50 samples of size n = 5 and
50 samples of size n = 20 from

a population of pennies.

Sample proportions arise most often when we are interested in categorical vari-
ables. We then ask questions like “What proportion of U.S. adults has watched
Survivor?” or “What percent of the adult population attended church last week?”
But when we record quantitative variables—household income, lifetime of car
brake pads, blood pressure —we are interested in other statistics, such as the
median or mean or standard deviation of the variable. The sample mean X is the
most common statistic computed from quantitative data.

The Sampling Distribution of x

When Mrs. Gallas’s class did the “Penny for your thoughts” activity at-the beginning
of the chapter, her students produced the “dotplots” in Figure 7.12. These graphs
approximate the sampling distribution of the sample mean yeat of penny for samples
of size n = 5 and for samples of size n = 20 from Mrs. Gallas’s;population of pennies.

DEFINITION Sampling distribution of the sample mean

The sampling distribution of the sample mean'x describes the distribution
of values taken by the sample mean x in all.possible samples of the same size
from the same population.

XXX XXX XXXXXXXXXXXXX X

T T T T T T
1990 1995 2000 2008 2010 2015

X = sample wmean year (n = §)

X X
X X_
X XX
X XX
X XX
XXX
X XXXXX
XXXXXXX
__XXXXXXXK___
XXXXXXXXXXXXX
N T T T T T
1990 1998 2000 2008 2010 2018

X = Sample wmean year (n = 20)

How do these approximate sampling distributions compare?

® Shape: The distribution of x is slightly skewed to the left when using samples
of size n = 5 but roughly symmetric when using samples of size n = 20.

e Center: The distribution of X is centered at around 2002 for both sample sizes
(e = 2002).

e Variability: The distribution of X is about half as variable when using samples
of size n = 20 (o & 2.6) than with samples of size n =5 (oy = 5.2).

Like the sampling distribution of p, there are some simple rules that describe the
mean and standard deviation of the sampling distribution of x. Describing the shape
of the sampling distribution of x is more complicated, so we'll save that for later.
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SAMPLING DISTRIBUTION OF x:
MEAN AND STANDARD DEVIATION

Suppose that X is the mean of an SRS of size n drawn from a large population
with mean p and standard deviation o. Then:
¢ The mean of the sampling distribution of X is i = p.

® The standard deviation of the sampling distribution of X is
approximately

O-Y:\/E

as long as the 10% condition is satisfied: n < 0.10N. The value o3
measures the typical distance between a sample mean X and the popula-
tion mean .

The behavior of X in repeated samples is much like that of the sample propor-

tion p:

The sample mean X is an unbiased estimator of the population mean p.

The variability of ¥ depends on both the variability in the population
o and the sample size'n. Values of X will be more variable for popula-
tions that have more variability. Values of x will be less variable for larger
samples. Specifically, multiplying the sample size by 4 cuts the standard
deviation in half.

When we'sample with replacement, the standard deviation of the sampling
o
Jn
the observations are not independent and the actual standard deviation of
the sampling distribution of X is smaller than the value given by the for-
mula. If the sample size is less than 10% of the population size, however, the
value given by the formula is nearly correct. This doesn’t mean you should
aim for a small sample size! Bigger samples provide more information than
smaller samples. If the sample size is more than 10% of the population size,
we need to use the finite population correction to calculate the standard
deviation of the sampling distribution of x. We'll avoid these situations in

this text.

distribution of ¥ is exactly oy = —=. When we sample without replacement,

Notice that these facts about the mean and standard deviation of x are true no
matter what shape the population distribution has.

AP® EXAM TIP

Notation matters. The symbols p, X, n, p, i, o, Hps Ty 1z @nd oy all have specific and
different meanings. Either use notation correctly—or don’t use it at all. You can expect to lose
credit if you use incorrect notation.
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¢

Been to the movies recently?
Mean and standard deviation of x

PROBLEM: The number of movies viewed in the last year by students
at a large high school has a mean of 19.3 movies with a standard devia-
tion of 15.8 movies. Suppose we take an SRS of 100 students from this
school and calculate ¥ = the mean number of movies viewed by the
members of the sample.

(a) Identify the mean of the sampling distribution of x.

PatriciaPix/Getty Images

(b) Calculate and interpret the standard deviation of the sampling
distribution of x. Verify that the 10% condition is met.

SOLUTION:
(@) px =19.3 movies

(b) Assuming that n=100 is less than 10% of students at the large high school, the
15.8 o
————=="1.58& movies. =
J100 > n

In SRSs of size 100, the sample mean number of movies viewed will typically vary by

about 1.58 movies from the true mean of 19.3 movies.
FOR PRACTICE, TRY EXERCISE 59

Hx = 1

When n < 0.10N,
standard deviation is approximately oy =

Think About It _

WHERE DO THE FORMULAS FOR THE MEAN AND STANDARD DEVIATION
OF x COME FROM? Choose an SRS of size n from a population, and measure
a quantitative variable X on each individual in the sample. Call the individual
measuréments X, Xy, . . ., X,,. If the population is large relative to the sample,
we can think of these X;’s as independent random variables, each with mean
and standard deviation 0. Because

1
X = _(Xl + XZ +ot Xn)
n
we can use the rules for random variables from Chapter 6 to find the mean

and standard deviation of x. [f we let T = X; + X5 +--- + X|,, then x = l'T.
n

Using the addition rules for means and variances, we get

pr = px, TR, oot px, S ptptee b p=np

ot =0} + 0} ++ok =0 ol + -+l =no

= or :\/710'2 = oNn

Because X is just a constant multiple of the random variable T,
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Sampling from a Normal Population

We have described the mean and standard deviation of the sampling distribution
of a sample mean x but not its shape. That’s because the shape of the sampling
distribution of X depends on the shape of the population distribution. In one
important case, there is a simple relationship between the two distributions. The
following activity shows what we mean.

['\HIL'ARR@ Exploring the sampling distribution of x fora

Normal population

Professor David Lane of Rice University has developed a wonderful applet for
investigating the sampling distribution of X It’s dynamic, and it’s fun to play
with. In this activity, you'll use Professor Liane’s applet to explore the shape of the
sampling distribution when the population is Normally distributed.

1. Go to http://onlinestatbook.com/stat_sim/sampling_dist/ or search for
“online statbook sampling distributions applet” and go to the website.
When the BEGIN butten appears on the left side of the screen, click on it.
You will then see ayellow page entitled “Sampling Distributions” like the
one in the screen shot.

2. There are choices for the population distribution: Normal, uniform, skewed,
and custom. Keep the default option: Normal. Click the “Animated” but-
ton. What happens? Click the button several more times. What do the black
boxes represent? What is the blue square that drops down onto the plot

below?
mean= 16.00
median= 16.00
sd= 5.00
skew= 0.00
kurtosis= 0.00
Reps= 5
range= 13.00
Reps= 6
mean= 16.05
median= 16.00
sd= 1.89
skew= 0.02
kurtosis= —0.43

O =N W R N
T T T T

Parent population

0

Sample Data

OIIIIIIIIHIIIIH_I_I_I_H_I_I_I_I_I_I_I_I_I:TZ

Distribution of Means, N=5

O =N W R N
L1

Olllllllllllll_*_l||||||||||||32
|

Clear lower 3
Normal ¥

Sample:
Animated

100,000

Mean v
N=5 v

[ Fit normal
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3. Click on “Clear lower 3” to start clean. Then click on the “100,000” but-
ton under “Sample:” to simulate taking 100,000 SRSs of size n = 5 from the
population. Answer these questions:

® Does the simulated sampling distribution of x (blue bars) have a recog-
nizable shape? Click the box next to “Fit normal.”

® To the left of each distribution is a set of summary statistics. Compare
the mean of the simulated sampling distribution with the mean of the
population.

® How is the standard deviation of the simulated sampling distribution
related to the standard deviation of the population?

4. Click “Clear lower 3.” Use the drop-down menus to set up the ‘bottom graph
to display the mean for samples of size n = 20. Then sample 100,000 times.
How do the two distributions of X compare: shape, center, and variability?

5. What have you learned about the shape of the sampling distribution of X
when the population has a Normal shape?

As the preceding activity demonstrates, if the population distribution is
Normal, then so is the sampling distribution of x. This is true no matter what the
sample size is.

SAMPLING DISTRIBUTION OF THE SAMPLE MEAN x WHEN
SAMPLING FROM A NORMAL POPULATION

Suppose that a population is Normally distributed with mean p and standard
deviation o. Then the sampling distribution of x has the Normal distribution
with mean jiz°= g and standard deviation o5 = o/~/n (provided the 10%
condition(is‘met).

We already knew the mean and standard deviation of the sampling distribu-
tion. All we have added is the Normal shape. Now we have enough information
to calculate probabilities involving X when the population distribution is Normal.

Young women’s heights
Sampling from a Normal population

PROBLEM: The heights of young women follow a Normal distribution with mean
u = 64.5 inches and standard deviation o = 2.5 inches.

(a) Find the probability that a randomly selected young woman is taller than
66.5 inches.

(b) Find the probability that the mean height of an SRS of 10 young women
exceeds 66.5 inches.

Alamy Images
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SOLUTION:

(a) Let X= height of a randomly selected young woman.

1. Draw a Normal distribution.

| | | [ /4 I I |
SF $59.5 62 64.8 o 67 69.85 72
X = Height (in.) 2, Perform calculations.
(i) Standardize and use Table A or technology
: 66.5—64.5 or
(i) z= = 5 =0.80 (ii) Use technology without standardizing.
’ Be.sure to answer the question that was
Using Table A: P(X >66.5)=P(z>0.860)=1—0.78861 asked.
=0.2119

Using technology: normalcdf(lower:0.80, upper:1000, mean:0,5D:1)=0.2119
(ii) normalcdf (lower:66.5, upper:1000, mean:64.5,5D:2.5)=0.2119

(b) Let x =mean height of 10 randomly selected young women. Calculate the mean and standard deviation of
[ty =645 the sampling distribution of X.
g
Because 10 < 10% of all young women, S ]
2.5
o;=—-+-==0.79
* J10

Because the population of heights.is Normal, the distribution of

- Justify that the distribution of x is Normal.
x is also Normal.

I T | T I I 1
62.13 62.92 63.71 64.5 6529 66.08 / 66.87
X=66.5

X = sample mean height (in.)

_ 66.5—64.5
0.79

Using Table A: P(x >66.5) = P(z >2.53)=1—0.9943 = 0.0057
Using technology: normalcdf (lower:2.53, upper:1000, mean:0, SD:1) = 0.0057

(i) normalcdf (lower:66.5, upper:1000, mean:64.5,5D:0.79) = 0.0057

(i) z =253

FOR PRACTICE, TRY EXERCISE 65
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FIGURE 7.13 The sampling
distribution of the mean height
x for SRSs of 10 young women
compared with the population
distribution of young women’s
heights.

Figure 7.13 compares the population distribution and the sampling distribution of
x for the example about young women’s heights. It also shows the areas correspond-
ing to the probabilities that we computed. You can see that it is much less likely for
the average height of 10 randomly selected young women to exceed 66.5 inches than
it is for the height of one randomly selected young woman to exceed 66.5 inches.

Sampling

distribution
of x

Population
distribution

I
1=0645in. 66.5in.

AP® EXAM TIP

Many students lose credit on probability calculations involving x because they forget to
divide the population standard deviation by </n. Remember that averages are less variable
than individual observations!

The fact that averages of several observations are less variable than individual
observations is important in many settings. For example, it is common practice
in science and medicine to-tepeat a measurement several times and report the
average of the results.

ﬁ CHECK YOUR UNDERSTANDING

: The length of human pregnancies from conception to birth varies according to
, \\Ca distribution that is approximately Normal with mean 266 days and standard

B i deviation 16 days.
1. Find the probability that a randomly chosen pregnant woman has a preg-
nancy that lasts for more than 270 days.
Suppose we choose an SRS of 6 pregnant women. Let ¥ = the mean pregnancy
length for the sample.
2. What is the mean of the sampling distribution of X ?

3. Calculate and interpret the standard deviation of the sampling distribution of x.
Verify that the 10% condition is met.

4. Find the probability that the mean pregnancy length for the women in the sample
exceeds 270 days.

The Central Limit Theorem

Most population distributions are not Normal. What is the shape of the sampling
distribution of x when sampling from a non-Normal population? The following
activity sheds some light on this question.
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'\H BL'JA M Exploring the sampling distribution of x for

non-Normal populations

Let’s use the sampling distributions applet from the preceding activity to inves-
tigate what happens when we start with a non-Normal population distribution.

1. Go to onlinestatbook.com/stat_sim/sampling_dist/ and launch thé.applet.
Select “Skewed” population. Set the bottom two graphs to display the
mean—one for samples of size 2 and the other for samples of size 5. Click
the “Animated” button a few times to be sure you see what’s happening.
Then “Clear lower 3”7 and take 100,000 SRSs. Describéwwhat you see.

mean= 8.08 Parent Population
median= 700 Clear lower 3
sd= 6.22 Skewed ¥
skew= 0.83
kurtosis= 0.06
[ 32 Sample:

; Sample Data Animated

5

4

3

2 100,000

14

0Ol|||||||||||||||||||||||||||||||32
Reps= 100000 Distribution of Means, N=2 Mean v
mean= 8.08
median= 8.00 N=2 ~
sd= 4.40 [ Fit normal
skew= 0.58
kurtosis= 0.08
Reps= 100000 Distribution of Means, N=5
mean= 8.08 13380 4 Mean v
median= 8.00 11150 4 N=5 v
sd= 2.79 8920 :
o 038 6690 4 [ Fit normal
kurtosis= 0.08 4460

2230
01 32

2. Change the sample sizes to n =10 and n = 16 and take 100,000 samples.
What do you notice?

3. Now change the sample sizes to n = 20 and n = 25 and take 100,000 more
samples. Did this confirm what you saw in Step 2?

4. Clear the page, and select “Custom” distribution. Click on a point on the
population graph to insert a bar of that height. Or click on a point on the
horizontal axis, and drag up to define a bar. Make a distribution that looks
as strange as you can. (Note: You can shorten a bar or get rid of it com-
pletely by clicking on the top of the bar and dragging down to the axis.)
Then repeat Steps 1 to 3 for your custom distribution. Cool, huh?

5. Summarize what you learned about the shape of the sampling distribution
of X.
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The screen shots in Figure 7.14 show the approximate sampling distributions
of X for samples of size n = 2 and samples of size n = 25 from three different
populations.

Parent Population Parent Population Parent Population

0 32 fi] 32 fi] TTTTTTTTTTTTTTITTITT 32
Sample Data Sample Data Sample Data

oL L I s S O S O I O D)
Distribution of Means, N =2 Distribution of Means, N =2 Distribution of Means, N =2

] LITrrTrrrrTTy o TTUITTTITTITTS ]

Distribution of Means, N =25 Distribution of Means, N =25 Distribution of Means, N =25

IIIIIIIIIIIIIIIIIIII32

FIGURE 7.14 Approximate sampling distributions of x for different population shapes and sample sizes.

It is a-remarkable fact that as the sample size increases, the sampling distribution
of x/changes shape: it looks less like that of the population and more like a Normal
distribution. When the sample size is large enough, the sampling distribution of X is
very close to Normal. This is true no matter what shape the population distribution
has, as long as the population has a finite mean g and standard deviation o, and that
the observations in the sample are independent. This important fact of probability
theory is called the central limit theorem (sometimes abbreviated as CLT).

DEFINITION  Central limit theorem (CLT)

Draw an SRS of size nfrom any population with mean ;. and standard deviation
o. The central limit theorem (CLT) says that when n s sufficiently large, the
sampling distribution of the sample mean x is approximately Normal.

How large a sample size n is needed for the sampling distribution of X to be
close to Normal depends on the population distribution. More observations are
required if the shape of the population distribution is far from Normal. In that
case, the sampling distribution of X will also be very non-Normal if the sample
size is small.
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As Figure 7.14 illustrates, even when the population distribution is very non-
Normal, the sampling distribution of X often looks approximately Normal with sample
sizes as small as n = 25. To be safe, we'll require that n be at least 30 to invoke the CLT.

SHAPE OF THE SAMPLING DISTRIBUTION
OF THE SAMPLE MEAN x

e If the population distribution is Normal, the sampling distribution‘of x
will also be Normal, no matter what the sample size n is.

e If the population distribution is not Normal, the sampling distribution
of X will be approximately Normal when the sample size.is sufficiently
large (n > 30 in most cases). If the sample size is small and the population
distribution is not Normal, the sampling distribution'of x will retain some
characteristics of the population distribution (e.g:, skewness).

&

Free oil changes
Calculations using the CLT

PROBLEM: Keith is the manager of an auto-care center. Based on service
records from the past year, the time (in hours) that a technician requires to
complete a standard oil change and inspection follows'a right-skewed dis-
tribution with ¢ = 30 minutes and o = 20 minutes. For a promotion, Keith
randomly selects 40 current customers and offers'them a free oil change and inspection if they redeem the
offer during the next month. Keith budgets an-average of 35 minutes per customer for a technician to com-
plete the work. Will this be enough?

Joe Belanger/Alamy

(a) Calculate the probability that the@verage time it takes to complete the work exceeds 35 minutes.

(b) How much average time per éustomer should Keith budget if he wants to be 99% certain that he doesn’t
go “over budget”?

SOLUTION:

(a) Let x =sample mean time to complete work (in minutes).

Calculate the mean and standard

pgz =30 deviation of the sampling distribution of x.
g

Assuming 40'<<10% of all current customers, Hx = H =T

oy =22 =316

* 40

Because the sample size is large (40 > 30), the distribution of x is
approximately Normal.

Justify that the distribution of x is
approximately Normal.

1. Draw a Normal distribution.

20.52 23.68 26.84 30 33.16 36.32 39.48
X=38

X = sample mean time (min)
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(i) z= 85-3%0 —158 2. Perform calculations.
3.16 (i) Standardize and use Table A or
- (o= . i . technology; or
Using Table A: P(x > 35)=P(z >1.58)=1—0.9429=0.0571 e T gy e T
Using technology: Be sure to answer the question that was
normalcdf (lower:1.58, upper: 1000, mean:O, SD:1) = 0.0571 asked.

(ii) normalcdf (lower:35, upper:1000, mean:30, SD:3.16) = 0.0568

There is only a 5.68% probability that Keith hasn’t budgeted enough
time to complete the work.

(b)

1. Draw a Normal distribution.

Area = 0.99

I T T 1 I T X |
20.52 23.68 26.84 30 33.16 36.32 x 3948

X = sample mean time (min) .
2. Perform calculations.

(i) Using Table A:0.99 areatoleft —z=2.33 (i) Use Table A or technology to find the
value of zwith the indicated area

Using technology: invnorm(area:0.99, mean:0, SD:1) = 2:33 under the standard Normal curve, then

x—30 _ . “unstandardize” to transform back to
SEDE 216 — X =374 minutes the original distribution; or
.. (i) Use technology to find the desired value
(i1) invhorm(area:0.99, mean:30, SD:3.16) = 37.4 minutes without standardizing.
To be 99% sure he has budgeted enough time, Keith should plan for BekSL('jfe D EIEBT LT GES )
asked.

an average of 37.4 minutes per customer.

FOR PRACTICE, TRY EXERCISE 73

What if Keith decided to give away only 10 free oil changes? Because the pop-
ulation distribution is skewed to the right and the sample size is small (10 < 30),
we can’t use a Normal distribution to do probability calculations. The sampling
distribution of X is likely to be skewed to the right—although not as strongly as
the population distribution itself.

The Sampling Distribution of a Difference
Between Two Means

In the preceding section, we developed methods for comparing two proportions.
What if we want to compare the mean of some quantitative variable for the indi-
viduals in Population 1 and Population 2, such as the mean income for high
school graduates and non-high school graduates? Our parameters of interest
are the population means y; and y,. Once again, the best approach is to take
independent random samples from each population and to compare the sample
means x; and X».
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Suppose we want to compare the average effectiveness of two headache medi-
cations in a randomized experiment. In this case, the parameters iy and p; are
the true mean responses for Treatment 1 and Treatment 2, respectively. We use
the mean response in the two groups, x; and x,, to make the comparison. Here’s a
table that summarizes these two situations:

Population or treatment  Parameter Statistic  Sample size
1 1z Xi m

2 H2 Xo ny

We compare the populations or treatments by doing inferencé¢-about the differ-
ence 1 — iy between the parameters. The statistic that estimates this difference
is the difference between the two sample means, X} — x5.

To explore the sampling distribution of X — %, let’s start with two Normally
distributed populations having known means and-standard deviations. Based on
information from the U.S. National Health and Nutrition Examination Survey
(NHANES), the heights of 10-year-old girls can be modeled by a Normal dis-
tribution with mean pug = 56.4 inches and standard deviation o = 2.7 inches.
The heights of 10-year-old boys can be modeled by a Normal distribution with
mean pi5 = 55.7 inches and standard déviation oy = 3.8 inches.!” The table sum-
marizes this information.

Population Shape Mean Standard deviation
10-year-old girls  Approximately Normal ; =56.4 in og=2.71n
10-year-old boys~ Approximately Normal g =55.7 in og =3.8in

Suppose we takedndependent SRSs of 12 girls and 8 boys of this age and mea-
sure their heights. What can we say about the difference x; — xp in the average
heights of the'sample of girls and the sample of boys?

Farlierin this section, we saw that the sampling distribution of a sample mean
x has the following properties:

Shape: (1) If the population distribution is Normal, then so is the sampling
distribution of x; (2) If the population distribution isn’t Normal, the sampling
distribution of x will be approximately Normal if the sample size is large enough

(say, n >30) by the central limit theorem (CLT).
Center: jix = 4

o
Jn

For the sampling distributions of X and Xp in this case:

Variability: oy = —=if n < 0.10N

Sampling distribution of x; Sampling distribution of xp

Shape Approximately Normal, because the population  Approximately Normal, because the population
distribution is approximately Normal distribution is approximately Normal
Center My, = pg = 96.4 inches My, = pg = 95.7 inches
Variability og 2.7 . og 3.8 ,
v, = —— = ——=0.78inch v, = —— = —= = 1.34inches
because 12 < 10% of all 10-year-old girlsin  because 8 < 10% of all 10-year-old boys
the United States. in the United States.

What about the sampling distribution of x; — xg? We used software to take
independent SRSs of 12 ten-year-old girls and 8 ten-year-old boys. Our first
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- : set of samples gave xg = 56.09 inches and
Z‘;?,'::;ﬁgﬁ’i’g?ely Normal Xg = 54.68€nch§s, resulting in a difference of
Variability: SD = 1.55 Xg —xg = 56.09 —54.68 = 1.41 inches. A red

dot for this value appears in Figure 7.15. The
dotplot shows the results of repeating this pro-
cess 1000 times.

The figure suggests that the sampling distri-
bution of X — xp has an approximately Normal
shape. This makes sense from what you learned
in Section 6.2 because we are subtracting two

. independent random variables, xg.and xp, that
' ' ' ' ' have approximately Normal distributions.

- N ’ % -F ? ! ° The mean of the sampling distribution is
o 0.7. The true mean height of all 10-year-old

FIGURE 7.15 Simulated sampling distribution of the difference in sample girls is 1o = 56.4 inchies and the true mean
means X; — X in 1000 SRSs of size ng; = 12 from an approximately height of all 10-year-old boys is ug =55.7

Normally distributed population with ;. = 56.4 inches and oz = 2.7 inches
and 1000 SRSs of size ng = 8 from an approximately Normally distributed
population with ;15 = 55.7 inches and o = 3.8 inches.

inches. We expect the difference xg — xp to
center on the @ctual difference in the popula-
tion means; g — up = 56.4—55.7 = 0.7 inch.
The standard deviation of the sampling distribution is 1.55 inches. It can be
found using the formula

2 2 2 2
ff_cw_B:JL&:l.ss
nG TlB 12 8

That is, the difference (Girls— Boys) in the sample mean heights typically varies
by about 1.55 inches from the true difference in mean heights of 0.7 inch.

THE SAMPLING DISTRIBUTION OF x; — x,

Choose an'SRS of size n; from Population 1 with mean g and standard devi-
ation gyland an independent SRS of size n; from Population 2 with mean p,
and standard deviation 0. Then:

¢ The sampling distribution of X} — X; is Normal if both population
distributions are Normal. It is approximately Normal if both sample
sizes are large (n) > 30 and n, > 30) or if one population is Normally
distributed and the other sample size is large.

* The mean of the sampling distribution of X} — Xy is pi5, %, = fu — iz

¢ The standard deviation of the sampling distribution of X} — X3 is

approximately
o 9
Ox—x =4+t
npom

as long as the 10% condition is met for both samples: n; < 0.10N} and
ny; < 0.10N,.

Note that the formula for the standard deviation is exactly correct only when
we have two types of independence:
¢ Independent samples, so that we can add the variances of X and .

* Independent observations within each sample. When sampling without
replacement, the actual value of the standard deviation is smaller than the
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formula suggests. However, if the 10% condition is met for both samples, the
difference is negligible.

The standard deviation of the sampling distribution tells us how much the dif-

ference in sample means will typically vary from the difference in the population
means if we repeat the random sampling process many times.

When we analyzed.the results of
randomized experiments in

Section 4.3, we-tsed simulation to
create ararndomization distribution
by repeatedly reallocating individuals
to-treatment groups. Fortunately for
us;randomization distributions of

X1 — X, roughly follow the same rules
for shape, center, and variability as
sampling distributions of X; — X5.

Think About It

WHERE DO THE FORMULAS FOR THE MEAN AND STANDARD DEVIATION OF
THE SAMPLING DISTRIBUTION OF x; — x, COME FROM? Both X; and x; are

random variables. That is, their values would vary in repeated independent
SRSs of size nj and n,. Independent random samples-yield independent ran-
dom variables x; and x;. The statistic X; — X is the difference of these two inde-
pendent random variables.

In Chapter 6, we learned that for any two random variables X and Y,

Hx—y = MMy
For the random variables x; and x,, we have
M-z, =gy — Mz, = H1 — K2
We also learned in Chapter.6 that for independent random variables X and Y,
og(,y = O')Z( + U%
For the random vafiables x; and ¥, we have

2
o
02 _ =0’ +o? ——[1

X]1—X2 X X, n
VI

2 2

o o
Sooy 5 = /—1 + -2,
nm

When the conditions are met, we can use the Normal density curve shown in

Figure 7.16 to model the sampling distribution of x; — x; . Note that this would
allow us to calculate probabilities involving x; — x; with a Normal distribution.

Standard deviation:
o o5
1, %
n ny

Values of x| - X,

FIGURE 7.16 Select independent SRSs from two populations having means 14 and z, and
standard deviations o4 and o,. The two sample means are x; and x,. When the conditions are
met, the sampling distribution of the difference x; — X, is approximately Normal with mean

0'2 0'2
111 — o and standard deviation , | —- + —2.
nom
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Medium or large drink?
Describing the sampling
distribution of x; — x>

PROBLEM: A fast-food restaurant uses an automated filling machine to pour its
soft drinks. The machine has different settings for small, medium, and large drink
cups. According to the machine’s manufacturer, when the large setting is chosen,
the amount of liquid L dispensed by the machine follows a Normal distribution
with mean 27 ounces and standard deviation 0.8 ounce. When the medium set- '
ting is chosen, the amount of liquid M dispensed follows a Normal distribution with
mean 17 ounces and standard deviation 0.5 ounce. To test this claim, the manager selects independent random
samples of 20 cups filled using the large setting and 25 cups filled using the medium setting.daring one week.
Letx;, — X be the difference in the sample mean amount of liquid under the two settings.

(a) What is the shape of the sampling distribution of x;, — x);? Why?
(b) Find the mean of the sampling distribution.

(c) Calculate and interpret the standard deviation of the sampling distribution. Verify that the 10%
condition is met.

RichLegg/Getty Images -

(d) Estimate the probability that the difference in sample means is within 0.25/ounce of the true difference in means.

SOLUTION:

(a) Normal, because both population distributions are Normal.

(b) px,—x, =27 —17 =10 ounces L v = 11— o
(c) Because20 <10% of all large cups of soft drinksand B
25 <10% of all medium cups of soft drinks that week, —
2 2 o o= |21 %
Ox—r, = \/O.&O + 0507 _ 0.205 ounce e noom
20 25

The difference (Large cup —Medium cup) in'the sample mean amounts
of liquid typically varies by about O.2ounce from the true difference in
means of 10 ounces.

(d) We want to find P(9.75 <X~ xy <10.25).

1. Draw a Normal distribution.

S\

Vi

T T T I T I T
9.388 9.59 /5.795' 10 104705\ 10.41 10.615
X - Xy=978 X - Xy=1025

X, - Xy = difference in the sample mean volume of soft drink in large and medium cups
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=

(i) z= 9.75-10 —_1.22andz = 10.25-10 —1.22 2. Perform calculations.

0.205 0.205 (i) Standardize and use Table A or

technology;
Using Table A: P(9.75 <X, —%y <10.25)=P(—122<z<122)= | o e {‘e"cﬁﬁzio‘gy without
0.8888—0.1112=0.7776.

standardizing.
Using technology: normalcdf(lower: —1.22, upper:1.22, mean:0, SD:1) = | Be sure to answer the question that
0.7775. was asked.

(ii) normalcdf(lower:9.75, upper:10.25, mean:10,5D:0.205) = 0.7774.

FOR PRACTICE, TRY EXERCISE 83

®  When we want information about the-population mean p for some quanti-
tative variable, we often take an SRS and use the sample mean x to estimate
the unknown parameter p. The sampling distribution of the sample mean
x describes how the statistic X, varies in all possible samples of the same size
from the population.

= Shape: If the popalation distribution is Normal, then so is the
sampling distribution of the sample mean x. If the population distri-
bution is not Nermal, the central limit theorem (CLT) states that
when n issufficiently large, the sampling distribution of X is approx-
imately Normal. For most non-Normal populations, it is safe to use
a Nornral distribution to calculate probabilities involving X when
n> 30.

= Center: The mean of the sampling distribution of X is yiz = 1, so X is an
unbiased estimator of p.

= Variability: The standard deviation of the sampling distribution of X is
approximately o = o/A/n for an SRS of size n if the population has stan-
dard deviation o. This formula can be used if the sample size is less than
10% of the population size (10% condition).

® Choose independent SRSs of size ny from Population 1 with mean p; and

standard deviation o7 and of size n, from Population 2 with mean y; and

standard deviation o,. The sampling distribution of x; — x; has the following

properties:

= Shape: Normal if both population distributions are Normal; approxi-
mately Normal if both sample sizes are large (n; > 30 and n, > 30) or if
one population is Normally distributed and the other sample size is large.

= Center: The mean of the sampling distribution is iz, 5, =t — 2 .

= Variability: The standard deviation of the sampling distribution is

2 2
, lo} o o
approximately oy = ,[-1+ =% as long as the 10% condition is met for
i nmoom

both samples: n; < 0.10N; and n; < 0.10N5.
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59. Songs on an iPod David’s iPod has about 10,000

(a) Show that the 10% condition is not met in this case.

pg EA
&/

60.

songs. The distribution of the play times for these songs
is heavily skewed to the right with a mean of 225 seconds
and a standard deviation of 60 seconds. Suppose we
choose an SRS of 10 songs from this population and
calculate the mean play time X of these songs.

Identify the mean of the sampling distribution of x.

Calculate and interpret the standard deviation of
the sampling distribution of ¥. Verify that the 10%

condition is met.

Making auto parts A grinding machine in an auto
parts plant prepares axles with a target diameter

= 40.125 millimeters (mm). The machine has some
variability, so the standard deviation of the diameters

is 0 = 0.002 mm. The machine operator inspects a
random sample of 4 axles each hour for quality control
purposes and records the sample mean diameter x.
Assume the machine is working properly.

Identify the mean of the sampling distribution of x.

Calculate and interpret the standard deviation of
the sampling distribution of ¥. Verify that the 10%

condition is met.

(b)

65.
4] 506

&
(a)
(b)

66.

(a)

(b)

What effect does violating the 10% condition have on
the standard deviation of the sampling distribution
of x?

Bottling cola A bottling company uses a filling
machine to fill plastic bottles with cola. The bottles are
supposed to contain 300 milliliters (ml). In faet; the
contents vary according to a Normal distribution with
mean p = 298 ml and standard deviation "= 3 ml.

What is the probability that a randomly selected bottle
contains less than 295 ml?

What is the probability that the mean contents of six
randomly selected bottl€s)isless than 295 ml?

Cereal A company’s cereal boxes advertise that each
box contains 9.65 ounces of cereal. In fact, the amount
of cereal in a randomly selected box follows a Normal
distribution'with mean p = 9.70 ounces and standard
deviation'c*= 0.03 ounce.

Whatiis the probability that a randomly selected box of
the_cereal contains less than 9.65 ounces of cereal?

Now take an SRS of 5 boxes. What is the probability

that the mean amount of cereal in these boxes is less

61. Songs on an iPod Refer to Exercise 59. How many
. than 9.65 ounces?
songs would you need to sample if you wanted the stans
dard deviation of the sampling distribution of ¥ to be 67. Cholesterol Suppose that the blood cholesterol level of
10 seconds? Justify your answer. all men aged 20 to 34 follows the Normal distribution
62. Making auto parts Refer to Exercise 60. How many wlin BUEEm = ISS.mllhgrams pera el (gl
. and standard deviation o = 41 mg/dl.
axles would you need to sample if you wanted the
standard deviation of the sampling distribution of X to (a) Choose an SRS of 100 men from this population.
be 0.0005 mm? Justify your answer. Describe the sampling distribution of x.
63. Screen time Administrators at‘asmall school with (b) Find the probability that ¥ estimates g within &3 mg/dl.
200 students want to estimate-the average amount (This is the probability that X takes a value between
of time students spend looking at a screen (phone, 185 and 191 mg/dl.)
s, e o) dy eSS () Gl St 00 men ot i
school to ask P Now what is the probability that ¥ falls within +3 mg/dl
b of p? In what sense is the larger sample “better”?
(a) Show that the'10% condition is not met in this case. 68. Finch beaks One dimension of bird beaks is
(b) Whatetfect does violating the 10% condition have “depth” —the height of the beak where it arises from
on‘the standard deviation of the sampling distribution the bird’s head. During a research study on one island
of x? in the Galapagos archipelago, the beak depth of all
64. Beautiful trees As part of a school beautification et (ot |t ves e (e g el ot ko

project, students planted 35 trees along a road

next to their school. Each month, students in the
environmental science class randomly select 5 trees to
estimate the average height of all the trees planted for
the project.

(a)

be Normally distributed with mean g = 9.5 millimeters
(mm) and standard deviation o = 1.0 mm."!

Choose an SRS of 5 Medium Ground Finches from
this population. Describe the sampling distribution
of x.



(b)

(©

69.

(a)

70.

(a)

71.

(a)

72:

Find the probability that X estimates x4 within 0.5 mm.
(This is the probability that X takes a value between 9
and 10 mm.)

Choose an SRS of 50 Medium Ground Finches from
this population. Now what is the probability that x
falls within £0.5 mm of p? In what sense is the larger
sample “better”?

Dead battery? A car company claims that the lifetime
of its batteries varies from car to car according to a
Normal distribution with mean x4 = 48 months and
standard deviation o = 8.2 months. A consumer orga-
nization installs this type of battery in an SRS of 8§ cars
and calculates ¥ = 42.2 months.

Find the probability that the sample mean lifetime is
42.2 months or less if the company’s claim is true.

Based on your answer to part (a), is there convincing
evidence that the company is overstating the average
lifetime of its batteries?

Foiled again? The manufacturer of a certain brand of
aluminum foil claims that the amount of foil on each
roll follows a Normal distribution with a mean of 250
square feet (ft) and a standard deviation of 2 ft*. To test
this claim, a restaurant randomly selects 10 rolls of this
aluminum foil and carefully measures the mean area te

be x = 249.6 ft*.

Find the probability that the sample mean area is
249.6 ft% or less if the manufacturer’s claim is_trde.

Based on your answer to part (a), is there convincing
evidence that the company is overstating the average
area of its aluminum foil rolls?

Songs on an iPod David’s iPod has about 10,000
songs. The distribution of the'play times for these songs
is heavily skewed to the right with a mean of 225 seconds
and a standard deviation’of 60 seconds.

Describe the shape of the sampling distribution of X
for SRSs of sizéar = 5 from the population of songs on
David’s iPod:Justify your answer.

Describe the shape of the sampling distribution of x for
SRSsofisize n = 100 from the population of songs on
David’s iPod. Justify your answer.

High school GPAs The distribution of grade point
average for students at a large high school is skewed to
the left with a mean of 3.53 and a standard deviation of

1.02.

Describe the shape of the sampling distribution of x for
SRSs of size n = 4 from the population of students at
this high school. Justify your answer.

(b)

73.
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Describe the shape of the sampling distribution of X for
SRSs of size n = 50 from the population of students at
this high school. Justify your answer.

More on insurance An insurance company claims

pgBHl that in the entire population of homeowners, the mean
\’) annual loss from fire is y = $250 and the standard devi-

ation of the loss is ¢ = $5000. The distribution of losses
is strongly right-skewed: many policies have $0 loss,
but a few have large losses. The company-hopes to sell

1000 of these policies for $300 each.

(a) Assuming that the company’s claim'is true, what is the

(b)

74.

probability that the mean loss from fire is greater than

$300 for an SRS of 1000 homeowners?

If the company wants tocbe 90% certain that the mean
loss from fire in an SRS/of 1000 homeowners is less
than the amountdt.charges for the policy, how much
should the company charge?

Cash grab Ata traveling carnival, a popular game is
called the’*Cash Grab.” In this game, participants step
into @-sealed booth, a powerful fan turns on, and dollar
bills;are dropped from the ceiling. A customer has

30 seconds to grab as much cash as possible while the
dollar bills swirl around. Over time, the operators of the
game have determined that the mean amount grabbed
is $13 with a standard deviation of $9. They charge $15
to play the game and expect to have 40 customers at
their next carnival.

(a) What is the probability that an SRS of 40 customers

(b)

75.

(a)

(b)

(©

grab an average of $15 or more?

How much should the operators charge if they want to
be 95% certain that the mean amount grabbed by an
SRS of 40 customers is less than what they charge to
play the game?

Bad carpet The number of flaws per square yard in a
type of carpet material varies with mean 1.6 flaws per
square yard and standard deviation 1.2 flaws per square
yard.

Without doing any calculations, explain which event is
more likely:

e randomly selecting | square yard of material and
finding 2 or more flaws

e randomly selecting 50 square yards of material and
finding an average of 2 or more flaws

Explain why you cannot use a Normal distribution to
calculate the probability of the first event in part (a).

Calculate the probability of the second event in
part (a).
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76.

(a)

77.

78.

79.

80.

How many people in a car? A study of rush-hour
traffic in San Francisco counts the number of people in
each car entering a freeway at a suburban interchange.
Suppose that this count has mean 1.6 and standard
deviation 0.75 in the population of all cars that enter at
this interchange during rush hour.

Without doing any calculations, explain which event is
more likely:

® randomly selecting 1 car entering this interchange
during rush hour and finding 2 or more people in
the car

e randomly selecting 35 cars entering this interchange
during rush hour and finding an average of 2 or
more people in the cars

Explain why you cannot use a Normal distribution
to calculate the probability of the first event in

part (a).
Calculate the probability of the second event in
part (a).

What does the CLT say? Asked what the central limit
theorem says, a student replies, “As you take larger and
larger samples from a population, the histogram of the
sample values looks more and more Normal.” Is the
student right? Explain your answer.

What does the CLT say? Asked what the central
limit theorem says, a student replies, “As you take
larger and larger samples from a population, the
variability of the sampling distribution of the sample
mean decreases.” Is the student right? Explain your
answer.

Airline passengers get heavier In response to the
increasing weight of airline passengers, the Federal
Aviation Administration (FAA) told airlines to assume
that passengers average 190 pounds in the summer,
including clothes and carry=on baggage. But passen-
gers vary, and the FAA did-not specify a standard devi-
ation. A reasonable standard deviation is 35 pounds. A
commuter plane carries 30 passengers. Find the prob-
ability that the total weight of 30 randomly selected
passengers exceeds 6000 pounds. (Hint: To calculate
this probability, restate the problem in terms of the
mean weight.)

Lightning strikes The number of lightning strikes on
a square kilometer of open ground in a year has mean
6 and standard deviation 2.4. The National Lightning
Detection Network (NLDN) uses automatic sensors to
watch for lightning in 1-square-kilometer plots of land.
Find the probability that the total number of lightning
strikes in a random sample of 50 square-kilometer
plots of land is less than 250. (Hint: To calculate this

81

(a)
(b)

©

82.

(a)

(b)

©

83.
ngE[ for all men aged 20 to 34 follows a Normal distribu-

»)

(a)

(b)

probability, restate the problem in terms of the mean
number of strikes.)

House prices In the northern part of a large city,

the distribution of home values is skewed to the right
with a mean of $410,000 and a standard deviation of
$250,000. In the southern part of the city, the distribu-
tion of home values is skewed to the right with a mean
of $375,000 and a standard deviation of $240,000.
Independent random samples of 10 houses in each
part of the city are selected. Let Xy represent the.sam-
ple mean value of homes in the northern partand let
Xs represent the sample mean value of homesin the
southern part.

Find the mean of the sampling distribution of Xy — Xs.

Calculate and interpret the standard deviation of the
sampling distribution. Verify, that the 10% condition
is met.

Is the shape of the sampling distribution approximately
Normal? Justify your answer.

Young players In the National Football League
(NFL), thedistribution of age is skewed to the right
with a1nean of 26.2 years and a standard deviation

of 3124 years. In the National Basketball Association
(NBA), the distribution of age is skewed to the right
with a mean of 25.8 years and a standard deviation of
4.24 years. Independent random samples of 20 players
in each league are selected. Let Xypy, represent the
sample mean age of NFL players and let Xypa represent
the sample mean age of NBA players.

Find the mean of the sampling distribution of
XNFL — XNBA-
Calculate and interpret the standard deviation of the

sampling distribution. Verify that the 10% condition
is met.

Is the shape of the sampling distribution approximately
Normal? Justify your answer.

Cholesterol The level of cholesterol in the blood

tion with mean py; = 188 milligrams per deciliter
(mg/dl) and standard deviation oy; = 41 mg/dl. For
14-year-old boys, blood cholesterol levels follow

a Normal distribution with mean pp =170 mg/dl
and standard deviation o = 30 mg/dl. Suppose we
select independent SRSs of 25 men aged 20 to 34
and 36 boys aged 14 and calculate the sample mean
cholesterol levels xy; and xp.

What is the shape of the sampling distribution of
EM - YB? Why?

Find the mean of the sampling distribution.



(¢) Calculate and interpret the standard deviation of the
sampling distribution. Verify that the 10% condition
is met.

(d) Find the probability of getting a difference in sample
means X); — xp that’s less than 0 mg/dl.

84. How tall? The heights of young men follow a Normal
distribution with mean gy = 69.3 inches and standard
deviation oy = 2.8 inches. The heights of young
women follow a Normal distribution with mean
wyw = 64.5 inches and standard deviation oy, = 2.5
inches. Suppose we select independent SRSs of 16
young men and 9 young women and calculate the
sample mean heights xy; and Xyy.

(a) What is the shape of the sampling distribution of
YM — )TW ? Why?

(b) Find the mean of the sampling distribution.

(c) Calculate and interpret the standard deviation of the
sampling distribution. Verify that the 10% condition
is met.

(d) Find the probability of getting a difference in sample
means X); — xy that’s greater than 2 inches.

85. Cholesterol Refer to Exercise 83. Should we be sur-
prised if the sample mean cholesterol level for the
14-year-old boys exceeds the sample mean cholesterol
level for the men? Explain your answer.

86. How tall? Refer to Exercise 84. Should we be
surprised if the sample mean height for the young men
is at least 2 inches greater than the sample mean height
for the young women? Explain your answer.

Multiple Choice: Select the best answer for Exercises §7-90.

87. The distribution of scores on the mathematics part
of the SAT exam in atecent year was approximate]y
Normal with mean 515 and standard deviation 114.
Imagine choosing'many SRSs of 100 students who
took the exam;and finding the average score for
each sample. Which of the following are the mean
and standard deviation of the sampling distribution
of x?

(a) Mean =515, SD =114

(b) Mean =515, SD = 114/4/100

(¢) Mean = 515/100, SD = 114/100
(d) Mean = 515/100, SD = 114/4/100
(

e) Cannot be determined without knowing the
100 scores.

88. Why is it important to check the 10% condition before
calculating probabilities involving x ?
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(@) To reduce the variability of the sampling distribution of ¥

(b) To ensure that the distribution of ¥ is approximately
Normal

(c) To ensure that we can generalize the results to a larger
population

(d) To ensure that x will be an unbiased estimator of

(e) 'To ensure that the observations in the sample‘are close
to independent

89. A machine is designed to fill 16-ounce-bottles of
shampoo. When the machine is working properly,
the amount poured into the bottles follows a Normal
distribution with mean 16.05;0unces and standard
deviation 0.1 ounce. Asste that the machine is
working properly. If 4.bottles are randomly selected and
the number of ounces in each bottle is measured, then
there is about-a 95% probability that the sample mean
will fall in whieh of the following intervals?

(@) 16.05 to'16.15 ounces
(b) 16.00.to 16.10 ounces
(€)215.95 to 16.15 ounces
(d) 15.90 to 16.20 ounces
(e) 15.85to 16.25 ounces

90. The number of hours a lightbulb burns before failing
varies from bulb to bulb. The population distribution
of burnout times is strongly skewed to the right. The
central limit theorem says that

(a) as we look at more and more bulbs, their average
burnout time gets ever closer to the mean y for all

bulbs of this type.

(b) the average burnout time of a large number of bulbs
has a sampling distribution with the same shape
(strongly skewed) as the population distribution.

(c) the average burnout time of a large number of bulbs
has a sampling distribution with a similar shape but
not as extreme (skewed, but not as strongly) as the
population distribution.

(d) the average burnout time of a large number of bulbs
has a sampling distribution that is close to Normal.

(e) the average burnout time of a large number of bulbs
has a sampling distribution that is exactly Normal.

Recycle and Review

Exercises 91 and 92 refer to the following setting. In the lan-
guage of government statistics, you are “in the labor force” if
you are available for work and either working or actively seek-
ing work. The unemployment rate is the proportion of the
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labor force (not of the entire population) that is unemployed. ~ 91. Unemployment (1.1) Find the unemployment rate for
people with each level of education. Is there an asso-
ciation between unemployment rate and education?

Explain your answer.

Here are estimates from the Current Population Survey for the
civilian population aged 25 years and over in a recent year.
The table entries are counts in thousands of people.

92. Unemployment (5.2, 5.3) Suppose that you randomly

Highest Total In labor select one person 25 years of age or older.

education population force Employed

Didn't finish high 27,669 12,470 11,408 (a) What s thfe probability t.hé.lt a}zaridomlg cho?sen person® .
school 25 years of age or older is in the labor force? X
High school but no 59,860 37,834 35,857 (b) If you know that a randomly chosen person 25 @Q&
college of age or older is a college graduate, what is %&

Less than 47,556 34,439 32977 probability that he or she is in the labor force:

bachelor’s degree © Aeth s “in the labor foree” § 1

College graduate 51,582 40,390 39,293 ©) AT€ The even's i the abor oree aalUcoTege

graduate” independent? Justify your

Q

SWET.

Chapter 7 Wrap-Up

FREE RESPONSE AP® PROBLEM, YAY!

The following problem is modeled after actual AP® Statistics exam
free response questions. Your task is to.generate a complete, con-
cise response in 15 minutes.

(b) What are the mean and standard deviation of the
sampling distribution of the sample mean?

(c) What is the probability that the mean number of
absences in a random sample of 50 students is less
than 1?7

(d) Because the population distribution is skewed, the
principal is considering using the median number
of absences last month instead of the mean number
of absences to summarize the distribution. Describe
how the principal could use a simulation to estimate
the standard deviation of the sampling distribution of
the sample median for samples of size 50.

Directions: Show all yourawork. Indicate clearly the meth-
ods you use, because.youwill be scored on the correctness
of your methods as well as on the accuracy and complete-
ness of your results and explanations.

The principal of a large high school is concerned about
the number of absences for students at his school. To
investigate, he prints a list showing the number of absences
during the last month for each of the 2500 students at the
school. For this population of students, the distribution of

absences last month is skewed to the right with a mean of
1 =1.1and a standard deviation of o = 1.4.

Suppose that a random sample of 50 students is
selected from the list printed by the principal and the
sample mean number of absences is calculated.

(a) What is the shape of the sampling distribution of
the sample mean? Explain.

After you finish, you can view two example solutions on the book’s
website (highschool.bfwpub.com/updatedtps6e). Determine whether
you think each solution is “complete,” “substantial,” “developing,” or
“minimal.” If the solution is not complete, what improvements would
you suggest to the student who wrote it? Finally, your teacher will
provide you with a scoring rubric. Score your response and note what,
if anything, you would do differently to improve your own score.
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Section 7.1: What Is a Sampling Distribution?

In this section, you learned the “big ideas” of sampling
distributions. The first big idea is the difference between
a statistic and a parameter. A parameter is a number that
describes some characteristic of a population. A statistic
estimates the value of a parameter using a sample from the
population. Making the distinction between a statistic and a
parameter will be crucial throughout the rest of the course.

The second big idea is that statistics vary. For exam-
ple, the mean weight in a sample of high school students
is a variable that will change from sample to sample. This
means that statistics have distributions. The distribution of
a statistic in all possible samples of the same size from the
same population is called the sampling distribution of the
statistic. Knowing the sampling distribution of a statistic tells
us how far we can expect a statistic to vary from the param-
eter value and what values of the statistic should be consid-
ered unusual.

The third big idea is the distinction between the
distribution of the population, the distribution of a sam-
ple, and the sampling distribution of a sample statistic.
Reviewing the illustration on page 474 will help you
understand the difference between these three distri-
butions. When you are writing your answers, be sure-to
indicate which distribution you are referring to Don’t
make ambiguous statements like “the distribution will
become less variable.”

The final big idea is how to describe alsampling distri-
bution. To adequately describe a samplingdistribution, you
need to address shape, center, and yariability. If the cen-
ter (mean) of the sampling distribution is the same as the
value of the parameter being éstimated, then the statistic is
called an unbiased estimator. An estimator is unbiased if it
doesn’t consistently underestimate or consistently overesti-
mate the parameter inimany samples. Ideally, the variability
of a sampling distribution will be very small, meaning that
the statistic provides precise estimates of the parameter.
Larger samplesizes result in sampling distributions with less

variability.

Section7.2: Sample Proportions

In‘this section, you learned about the shape, center, and
variability of the sampling distribution of a sample propor-
tion p. When the Large Counts condition (np >10 and
n(l1—p) >10) is met, the sampling distribution of p will be
approximately Normal. The mean of the sampling distribu-
tion of p is 1, = p, the population proportion. As a result,
the sample proportion p is an unbiased estimator of the pop-
ulation proportion p. When the sample size is less than 10%
of the population size (the 10% condition), the standard

deviation of the sampling distribution of the sample propor-
tion is approximately o; = \/p(1—p)/n. The standard devi-
ation measures how far the sample proportion p typically
varies from the population proportion p.

In this section, you also learned about the samplmg
distribution of a difference in sample propoptions b1 — .
The shape of the sampling distribution<of p; — p, will be
approximately Normal when the Large Counts condi-
tion is met for both samples. The center of the sampling
distribution of p; — p, is 15, —p= p1 — p2. The standard
deviation of the sampling distribution is approximately

1- 1Y
& p, = \/Pl( p) P D)

n ny

when the 10% condition is

met for both samples.

Section 7.3: Sample Means

In this seetion, you learned about the shape, center, and
variability of the sampling distribution of a sample mean
x. When the population is Normally distributed, the sam-
pling distribution of ¥ will also be Normal for any sample
size. When the population distribution is not Normal and
the sample size is small, the sampling distribution of X
will resemble the population shape. However, the central
limit theorem says that the sampling distribution of X will
become approximately Normal for larger sample sizes (typ-
ically when n >30), no matter what the population shape.
You can use a Normal distribution to calculate probabilities
involving the sampling distribution of X if the population is
Normal or the sample size is at least 30.

The mean of the sampling distribution of X is p; = p,
the population mean. As a result, the sample mean X is an
unbiased estimator of the population mean p. When the
sample size is less than 10% of the population size (the
10% condition), the standard deviation of the sampling dis-
tribution of the sample mean is approximately o = o/A/n.
The standard deviation measures how far the sample mean
X typically varies from the population mean .

In this section, you also learned about the sampling dis-
tribution of a difference in sample means X; — X,. The shape
of the sampling distribution of X} — X, will be approximately
Normal when both population distributions are Normal,
both sample sizes are at least 30, or one population distri-
bution is Normal and the sample size from the other popu-
lation distribution is at least 30. The center of the sampling
distribution of X; —X, is pi5,_5, = py — p1z. The standard
deviation of the sampling distribution is approximately

2 2
/0 o
Oy 5 = 4|—+—= when the 10% condition is met for
- m ny

both samples.
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Comparing sampling distributions

Sampling distribution of p Sampling distribution of x
Center =P Ly = 1
Variability p(1—p) o
Op = n Ox = ﬁ
when the 10% condition is met when the 10% condition is met
Shape Approximately Normal when the Large Counts Normal when the population distribution is Normal;
condition is met: approximately Normal if the population distribution. is not
np >10and n(1—p) > 10 Normal but the sample size is large (n > 30)
Sampling distribution of p, — p, Sampling distribution of x; — X,
Center Hp,—p, = P1— P2 M —x, = H1— H
Variability o _ [p=p)  pl1=p) [ 3
D1—D2 m m, Ox,—X, — n
when the 10% condition is met for both samples when the 10% condition is'met for both samples
Shape Approximately Normal when the Large Counts Normal when both population distributions are Normal;

condition is met for both samples:
mpy, m(1—p1), Mapa, Mo(1— o) all > 10

approximately Nermal if the population distributions are
not Normal:but the sample sizes are both at least 30 or
one population distribution is Normal and the sample
size from the other population is at least 30.

What Did You Learn?

Related Example Relevant Chapter Review
Learning Target Section on Page(s) Exercise(s)
Distinguish between a parameter and a statistic. 71 470 R7.1
Create a sampling distribution using all possible samples'from a 71 472 R7.2
small population.
Use the sampling distribution of a statistic to evaluate a claim about 71 473 R7.5,R7.7
a parameter.
Distinguish among the distribution of a population, the distribution 7.1 Discussed on 474 R7.3
of a sample, and the sampling distribution of a statistic.
Determine if a statistic is an unbiased estimator of a population 7.1 477 R7.3
parameter.
Describe the relationship between sample size and the variability 7.1 Discussed on 479 R7.2
of a statistic.
Calculate the mean-and standard deviation of the sampling 7.2 490 R7.4,R75
distribution of-a-sample proportion p and interpret the standard
deviation:
Determine if the sampling distribution of p is approximately Normal. 7.2 490 R7.4,R7.5
Calculate the mean and the standard deviation of the sampling 7.2 496 R7.8
distribution of a difference in sample proportions p; — p, and
interpret the standard deviation.
Determine if the sampling distribution of p; — fs, is approximately 7.2 496 R7.8
Normal.
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Related Example Relevant Chapter Review

Learning Target Section on Page(s) Exercise(s)
If appropriate, use a Normal distribution to calculate probabilities 7.2 492, 496 R7.4,R7.5, R7.8
involving p or py — ps.
Calculate the mean and standard deviation of the sampling 7.3 504 R7.6, R7.7
distribution of a sample mean x and interpret the standard deviation.
Explain how the shape of the sampling distribution of x is affected by 7.3 Discussed on 510-511 R7.6, R77
the shape of the population distribution and the sample size.
Calculate the mean and the standard deviation of the sampling 7.3 516 R7.9
distribution of a difference in sample means X; — X, and interpret the
standard deviation.
Determine if the sampling distribution of X; — X5 is approximately 7.3 516 R7.9
Normal.
If appropriate, use a Normal distribution to calculate probabilities 7.3 506, 511,516 R7.6, R7.7
involving X or x; — Xo.

Chapter 7 Review Exercises

These exercises are designed to help you review the important
ideas and methods of the chapter.

R7

)

R7

&

()

R7
»

.1 Bad eggs Selling eggs that are contaminated with
salmonella can cause food poisoning in consumers. A
large egg producer randomly selects-200 eggs from all
the eggs shipped in one day. Thelaboratory reports
that 9 of these eggs had salmonella contamination.
Identify the population, thedparameter, the sample,
and the statistic.

.2 Five books An authorhas written 5 children’s books.
The numbers of'pages in these books are 64, 66, 71,
73, and 76.

List all 10 possible SRSs of size n = 3, calculate the
median nuinber of pages for each sample, and display
the sampling distribution of the sample median on a
dotplot.

Describe how the variability of the sampling distribu-
tion of the sample median would change if the sample
size was increased to n = 4.

Construct the sampling distribution of the sample
median for samples of size n = 4. Does this sampling
distribution support your answer to part (b)? Explain
your reasoning.

.3 Birth weights Researchers in Norway analyzed
) data on the birth weights of 400,000 newborns over
a G-year period. The distribution of birth weights is

(a)
(b)

©

(d)

approximately Normal with a mean of 3668 grams
and a standard deviation of 511 grams.!?
Sketch a graph that displays the distribution of birth
weights for this population.

Sketch a possible graph of the distribution of birth
weights for an SRS of size 5. Calculate the range for
this sample.

In this population, the range (Maximum — Minimum)
of birth weights is 3417 grams. We used technology to
take 500 SRSs of size n = 5 and calculate the range
(Maximum — Minimum) for each sample. The dotplot
shows the results.

! ‘}z
i' ! imm !
; ¥§§[ i iﬁ it ...
T T T T
500 1000 1500 2000

T T
Simulated sample range (g)

0 2500 3000

In the graph provided, there is a dot at approximately
2800. Explain what this value represents.

Is the sample range an unbiased estimator of the
population range? Give evidence from the graph to
support your answer.
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R7.4 Do you jog? The Gallup Poll asked a random sample
&) of 1540 adults, “Do you happen to jog?” Suppose that
the true proportion of all adults who jog is p = 0.15.

(a) What is the mean of the sampling distribution of ?

(b) Calculate and interpret the standard deviation of
the sampling distribution of p. Check that the 10%

condition is met.

(¢) Is the sampling distribution of p approximately
Normal? Justify your answer.

(d) Find the probability that between 13% and 17% of
people jog in a random sample of 1540 adults.

R7.5 Bag check Thousands of travelers pass through the
&) airport in Guadalajara, Mexico, each day. Before leav-
ing the airport, each passenger must pass through the
customs inspection area. Customs agents want to be
sure that passengers do not bring illegal items into the
country. But they do not have time to search every trav-
eler’s luggage. Instead, they require each person to press
a button. Either a red or a green bulb lights up. If the
red light flashes, the passenger will be searched by cus-
toms agents. A green light means “Go ahead.” Customs
agents claim that 30% of all travelers will be stopped
(red light), because the light has probability 0.30 of
showing red on any push of the button. To test this
claim, a concerned citizen watches a random sample of

100 travelers push the button. Only 20 get a red light.

(a) Assume that the customs agents’ claim is true. Find
the probability that the proportion of travelers who get
a red light in a random sample of 100 travelers is less
than or equal to the result in this sample.

(b) Based on your results in part (a), is there convineing
evidence that less than 30% of all travelers will be
stopped? Explain your reasoning.

R7.6 10 tests The Wechsler Adult Intelligence Scale

(p) (WAIS) is a common IQ test for adults. The distribu-
tion of WAIS scores for persons over 16 years of age is
approximately Normal with mean 100 and standard
deviation 15.

(a) What is the probability’that a randomly chosen
individual has a WAIS score of 105 or greater?

(b) Find the mean.and standard deviation of the sampling
distribution‘of the average WAIS score ¥ for an SRS
of 60 people. Verify that the 10% condition is met.
Interpret the standard deviation.

() What is the probability that the average WAIS score of
an SRS of 60 people is 105 or greater?

(d) Would your answers to any of parts (a), (b), or (c) be
affected if the distribution of WAIS scores in the adult
population was distinctly non-Normal? Explain your
reasoning.

R7.7 Detecting gypsy moths The gypsy moth is a seri-

(p) ous threat to oak and aspen trees. A state agricul-
ture department places traps throughout the state to
detect the moths. Each month, an SRS of 50 traps
is inspected, the number of moths in each trap is
recorded, and the mean number of moths is calcu-
lated. Based on years of data, the distribution of moth
counts is discrete and strongly skewed with a mean of
0.5 and a standard deviation of 0.7.

(a) Explain why it is reasonable to use a Normal
distribution to approximate the sampling distribution of
x for SRSs of size 50.

(b) Estimate the probability that the mean number of
moths in a sample of size 50 is greater.than or equal

to 0.6.

(c) Inarecent month, the mean number of moths in an
SRS of size 50 was x = (.6. Based on this result, is
there convincing evidencethat the moth population is
getting larger in this state? Explain your reasoning.

R7.8 American-made’cars Nathan and Kyle both work

(p) for the Department of Motor Vehicles (DMV), but
they live.in different states. In Nathan’s state, 80%
of théregistered cars are made by American manu-
facturers. In Kyle’s state, only 60% of the registered
cars are made by American manufacturers. Nathan
selects a random sample of 100 cars in his state and
Kyle selects a random sample of 70 cars in his state.
Let py — px be the difference (Nathan’s state — Kyle’s
state) in the sample proportion of cars made by
American manufacturers.

(a) What is the shape of the sampling distribution of
PN — PK? Why?
(b) Find the mean of the sampling distribution.

(¢) Calculate and interpret the standard deviation of the
sampling distribution. Verify that the 10% condition
is met.

(d) What is the probability that the proportion in the
sample from Kyle’s state exceeds the proportion in the
sample from Nathan’s state?

R7.9 Candles A company produces candles. Machine 1

\:) makes candles with a mean length of 15 centimeters
and a standard deviation of 0.15 centimeter. Machine 2
makes candles with a mean length of 15 centimeters
and a standard deviation of 0.10 centimeter. A random
sample of 49 candles is taken from each machine. Let
X, — X, be the difference (Machine 1 — Machine 2)
in the sample mean length of candles. Describe the
shape, center, and variability of the sampling distribu-
tion of X; — X3.
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Section I: Multiple Choice Select the best answer for each question.

T7.1 A study of voting chose 663 registered voters at ran-
dom shortly after an election. Of these, 72% said they
had voted in the election. Election records show that
only 56% of registered voters voted in the election.
Which of the following statements is true?

(@) 72% is a sample; 56% is a population.

(b) 72% and 56% are both statistics.

(¢) 72% is a statistic and 56% is a parameter.

(d) 72% is a parameter and 56% is a statistic.

(€) 72% and 56% are both parameters.

T7.2 The Gallup Poll has decided to increase the size of its
random sample of voters from about 1500 people to
about 4000 people right before an election. The poll
is designed to estimate the proportion of voters who

favor a new law banning smoking in public buildings.
The effect of this increase is to

a) reduce the bias of the estimate.

=

) increase the bias of the estimate.

(

(

(c) reduce the variability of the estimate.
(d) increase the variability of the estimate.
(

e) reduce the bias and variability of the estimate:

T7.3 Suppose we select an SRS of size n = 1004rom a large
population having proportion p of suceesses. Let p be
the proportion of successes in the.sample. For which
value of p would it be safe to usé.the Normal approxi-
mation to the sampling distribution of p?

(a) 0.01 (d) 0.975
(b) 0.09 (€) 0.999
() 0.85

T7.4 The central limit theorem is important in statistics
becausecit alows us to use a Normal distribution to
find probabilities involving the sample mean if the

(a) samplesize is sufficiently large (for any population).

(b) population is Normally distributed (for any sample size).

(¢)_population is Normally distributed and the sample size
is reasonably large.

(d) population is Normally distributed and the population
standard deviation is known (for any sample size).

(e) population size is reasonably large (whether the
population distribution is known or not).

T7.5 The number of undergraduates at Johns Hopkins Uni-
versity is approximately 2000, while the number at Ohio
State University is approximately 60,000. At both schools,
a simple random sample of about 3% of the under-
graduates is taken. Each sample is used to estimate the

()

proportion p of all students at that university who own
an iPod. Suppose that, in fact, p = 0.80 at both schools.
Which of the following is the best conclusion?

We expect that the estimate from Johns Hopkins will
be closer to the truth than the estimaté from Ohio
State because it comes from a smaller population.

We expect that the estimate from Johns Hopkins will
be closer to the truth than the estimate from Ohio
State because it is based.ona smaller sample size.

We expect that the estimate from Ohio State will
be closer to the truth. than the estimate from Johns
Hopkins because it comes from a larger population.

We expect that the estimate from Ohio State will
be closér to the truth than the estimate from Johns
Hopkins because it is based on a larger sample size.

We expect that the estimate from Johns Hopkins

will be about the same distance from the truth as the
estimate from Ohio State because both samples are 3%
of their populations.

T7.6 Aresearcher initially plans to take an SRS of size 160 from

(a)
(b)
©

a certain population and calculate the sample mean x.
Later, the researcher decides to increase the sample size
so that the standard deviation of the sampling distribution
of X will be half as big as when using a sample size of 160.
What sample size should the researcher use?

40 (d) 640
80 (e) There is not enough information to
320 determine the sample size.

T7.7 The student newspaper at a large university asks an

SRS of 250 undergraduates, “Do you favor eliminating
the carnival from the term-end celebration?” All in all,
150 of the 250 are in favor. Suppose that (unknown to
you) 55% of all undergraduates favor eliminating the
carnival. If you took a very large number of SRSs of
size n = 250 from this population, the sampling distri-
bution of the sample proportion p would be
exactly Normal with mean 0.55 and standard deviation

0.03.

approximately Normal with mean 0.55 and standard
deviation 0.03.

exactly Normal with mean 0.60 and standard deviation

0.03.

approximately Normal with mean 0.60 and standard
deviation 0.03.

heavily skewed with mean 0.55 and standard deviation

0.03.
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T7.8 Which of the following statements about the sampling
distribution of the sample mean is incorrect?

(e) the person measuring the children’s weights does so
without any error.

(@) The standard deviation of the sampling distribution

: ¢ sal T7.10 Suppose that you are a student aide in the library
will decrease as the sample size increases.

and agree to be paid according to the “random pay”
system. Each week, the librarian flips a coin. If the
coin comes up heads, your pay for the week is $80.
If it comes up tails, your pay for the week is $40.
You work for the library for 100 weeks. Suppose. we
choose an SRS of 2 weeks and calculate your aver-
age earnings x. The shape of the sampling distribu-
tion of x will be

(b) The standard deviation of the sampling distribution
measures how far the sample mean typically varies
from the population mean.

() The sample mean is an unbiased estimator of the
population mean.

(d) The sampling distribution shows how the sample mean
is distributed around the population mean.

(¢) The sampling distribution shows how the sample is (@) Norma'l.
distributed around the sample mean. (b) approximately Normal.
T7.9 A newborn baby has extremely low birth weight (@) wghiesl e
(ELBW) if it weighs less than 1000 grams. A study of (d) left-skewed.
the health of such children in later years examined a ~ (e) symmetric but not Normal.

random sample of 219 children. Their mean weight
at birth was ¥ = 810 grams. This sample mean is an
unbiased estimator of the mean weight 4 in the popu-
lation of all ELBW babies, which means that

(a) in all possible samples of size 219 from this population,
the mean of the values of X will equal 810.

T7.11 An SRS of sizeA00 is taken from Population A
with proportien ‘0.8 of successes. An indepen-
dent SRS of'size 400 is taken from Population B
with proportion 0.5 of successes. The sampling
distribution of the difference (A—B) in sam-
ple proportions has what mean and standard
(b) in all possible samples of size 219 from this population, deyiation?

the mean of the values of x will equal p. (a) <thean = 0.3; standard deviation = 1.3

(c) as we take larger and larger samples from this (k)

mean = 0.3; standard deviation = 0.40
population, ¥ will get closer and closer to x.

(c) mean = 0.3; standard deviation = 0.047
(d) mean = 0.3; standard deviation = 0.0022
mean = (.3; standard deviation = 0.0002

(d) in all possible samples of size 219 from this population;
the values of ¥ will have a distribution that is close to
Normal. ()

Section II: Free Response Show all your work.\Indicate clearly the methods you use, because you will be graded on
the correctness of your methods as well as-onw'the accuracy and completeness of your results and explanations.

T7.12 Here are histograms of the values taken by three sample ~ T7.13 The amount that households pay service providers

statistics in several hundred samples from the same pop-
ulation. The true value of the population parameter is
marked with an arrow om*each histogram.

for access to the Internet varies quite a bit, but the
mean monthly fee is $50 and the standard deviation
is $20. The distribution is not Normal: many house-

holds pay a low rate as part of a bundle with phone
or television service, but some pay much more for
Internet only or for faster connections.”” A sample
survey asks an SRS of 50 households with Inter-
net access how much they pay. Let ¥ be the mean
amount paid.

(a) Explain why you can’t determine the probability that
the amount a randomly selected household pays for
access to the Internet exceeds $55.

(b) What are the mean and standard deviation of the
sampling distribution of X?

(c) What is the shape of the sampling distribution of x?
Justify your answer.

T T T

Which statistic would provide the best estimate of
the parameter? Justify your answer.

(d) Find the probability that the average fee paid by the
sample of households exceeds $55.
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T7.14 According to government data, 22% of American
children under the age of 6 live in households with
incomes less than the official poverty level. A study
of learning in early childhood chooses an SRS of
300 children from one state and finds that p = 0.29.

(a) Find the probability that at least 29% of the sample
are from poverty-level households, assuming that 22%
of all children under the age of 6 in this state live in
poverty-level households.

(b) Based on your answer to part (a), is there convincing
evidence that the percentage of children under the
age of 6 living in households with incomes less than
the official poverty level in this state is greater than the
national value of 22%? Explain your reasoning.

T7.15 In a children’s book, the mean word length is 3.7
letters with a standard deviation of 2.1 letters. In a

novel aimed at teenagers, the mean word length is
4.3 letters with a standard deviation of 2.5 letters.
Both distributions of word length are unimodal and
skewed to the right. Independent random samples of
35 words are selected from each book. Let X repre-
sent the sample mean word length in the children’s
book and let Xy represent the sample mean word
length in the teen novel.

(@) Find the mean of the sampling distribution-of x¢c — X7

(b) Calculate and interpret the standard deviation of the
sampling distribution. Verify that the 10% condition is met.

(¢) Justify that the shape of the sampling distribution is
approximately Normal.

(d) What is the probability thatthe sample mean word
length is greater in thesample from the children’s book
than in the sample from the teen novel?

Cumulative AP® Practice Test 2

Section I: Multiple Choice Choose the best answer for¢ach question.

AP2.1 The five-number summary for a data set is given by
min = 5, Q; = 18, median = 20, O3 = 40, max = 75.
If you wanted to construct a boxplot forithe data set
that would show outliers, if any existed, what would
be the maximum possible length-of the right-side
“whisker”?
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AP2.2 The probability distribution for the number of heads
infour tosses of a coin is given by

Number of heads 0 1 2 3 4
Probability 0.0625 0.2500 0.3750 0.2500 0.0625

The probability of getting at least one tail in four tosses of a
coin is

(@ 0.2500.
(b) 0.3125.
(c) 0.6875.
(d) 0.9375.
(e) 0.0625.

AP2.3 In a certain large population of adults, the distribu-
tion of 10 scores is strongly left-skewed with a mean
of 122 and a standard deviation of 5. Suppose 200
adults are randomly selected from this population
for a market research study. For SRSs of size 200, the
distribution of sample mean 1O score is

(a) leftskewed with mean 122 and standard deviation 0.35.
(b) exactly Normal with mean 122 and standard deviation 5.

(¢) exactly Normal with mean 122 and standard deviation

0.35.

(d) approximately Normal with mean 122 and standard
deviation 5.

(e) approximately Normal with mean 122 and standard
deviation 0.35.

AP2.4 A 10-question multiple-choice exam offers 5 choices
for each question. Jason just guesses the answers, so
he has probability 1/5 of getting any one answer cor-
rect. You want to perform a simulation to determine
the number of correct answers that Jason gets. What
would be a proper way to use a table of random dig-
its to do this?

(a) One digit from the random digit table simulates one
answer, with 5 = correct and all other digits = incorrect.
Ten digits from the table simulate 10 answers.

(b) One digit from the random digit table simulates one
answer, with 0 or 1 = correct and all other
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digits = incorrect. Ten digits from the table simulate
10 answers.

(¢) One digit from the random digit table simulates one
answer, with odd = correct and even = incorrect. Ten
digits from the table simulate 10 answers.

(d) One digit from the random digit table simulates
one answer, with 0 or 1 = correct and all other
digits = incorrect, ignoring repeats. Ten digits from the
table simulate 10 answers.

(e) Two digits from the random digit table simulate
one answer, with 00 to 20 = correct and 21 to
99 = incorrect. Ten pairs of digits from the table
simulate 10 answers.

AP2.5 Suppose we roll a fair die four times. What is the
probability that a 6 occurs on exactly one of the
rolls?

o (3 )

AP2.6 On one episode of his show, a radio show host
encouraged his listeners to visit his website and vote
in a poll about proposed tax increases. Of the 4821
people who vote, 4277 are against the proposed
increases. To which of the following populations
should the results of this poll be'generalized?

a) All people who have ever listenedjto this show

b) All people who listened to, this’episode of the show

(
(
(c) All people who visited the show host’s website
(d) All people who voted in'the poll

(

e) All people who voted against the proposed increases

AP2.7 The nuniber of unbroken charcoal briquets in a
20-pound bag filled at the factory follows a Normal
disttibution with a mean of 450 briquets and a stan-
dard deviation of 20 briquets. The company expects
that a certain number of the bags will be underfilled,
so the company will replace for free the 5% of bags
that have too few briquets. What is the minimum
number of unbroken briquets the bag would have to
contain for the company to avoid having to replace
the bag for free?

(a) 404
(b) 411
© 418
d) 425
(€) 448

AP2.8 You work for an advertising agency that is preparing
a new television commercial to appeal to women:
You have been asked to design an experimentyto
compare the effectiveness of three versions of the
commercial. Each subject will be shown-one of the
three versions and then asked to revealher attitude
toward the product. You think there may be large
differences in the responses of\women who are
employed and those who arenot. Because of these
differences, you should use

(a) ablock design, but not a.matched pairs design.
(b) a completely randomized'design.

(¢) amatched pairs design.

(d) asimple random sample.

(e) a stratified random sample.

AP2.9 Suppose that you have torn a tendon and are facing
stirgery to repair it. The orthopedic surgeon explains
the risks to you. Infection occurs in 3% of such oper-
ations, the repair fails in 14%, and both infection
and failure occur together 1% of the time. What is
the probability that the operation is successful for
someone who has an operation that is free from
infection?

(a) 0.8342
(b) 0.8400
(©) 0.8600
() 0.8660
(€ 0.9900

AP2.10 Social scientists are interested in the association
between high school graduation rate (HSGR, mea-
sured as a percent) and the percent of U.S. fami-
lies living in poverty (POV). Data were collected
from all 50 states and the District of Columbia,
and a regression analysis was conducted. The
resulting least-squares regression line is given by
POV =59.2 - 0.620(HSGR) with r* = 0.802.
Based on the information, which of the following
is the best interpretation for the slope of the least-
squares regression line?

(a) For each 1% increase in the graduation rate, the

percent of families living in poverty is predicted to
decrease by approximately 0.896.
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(b) For each 1% increase in the graduation rate, the
percent of families living in poverty is predicted to
decrease by approximately 0.802.

(¢) For each 1% increase in the graduation rate, the
percent of families living in poverty is predicted to
decrease by approximately 0.620.

(d) For each 1% increase in the percent of families living
in poverty, the graduation rate is predicted to decrease
by approximately 0.802.

(e) For each 1% increase in the percent of families living
in poverty, the graduation rate is predicted to decrease
by approximately 0.620.

Questions AP2.11-AP2.13 refer to the following graph. Here
is a dotplot of the adult literacy rates in 177 countries in a
recent year, according to the United Nations. For example,
the lowest literacy rate was 23.6%, in the African coun-
try of Burkina Faso. Mali had the next lowest literacy rate

at 24.0%.
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AP2.11 The overall shape of this distribution is
a) clearly skewed to the right.
b) clearly skewed to the left.

(
(
(c
(
(

=

roughly symmetric.
d

e) 'There is no elear'shape.

=

approximately uniform.

AP2.12 The-mean of this distribution (don’t try to find it)
will be

a) veryclose to the median.

=2

greater than the median.

less than the median.

_~ =~
(¢
~

=

You can'’t say, because the distribution isn’t
symmetric.

(¢) You can’t say, because the distribution isn’t
Normal.

AP2.13 The country with a literacy rate of 49% is closest to
which of the following percentiles?

(a) O6th
(b) 11th
(c) 28th
(d) 49th

(e) There is not enough information to calculate-the
percentile.

AP2.14 The correlation between thecage and height
of children under the age-of-12 is found to be
r = 0.60. Suppose we use the age x of a child to
predict the height y ofthe child. What can we
conclude?

(a) The height is generally60% of a child’s age.

(b) About 60% of the-time, age will accurately predict
height.

(c) Thirty-six percent of the variation in height is
accountedyfor by the linear model relating height to
age.

(d) Fopevery 1 year older a child is, the regression line
predicts an increase of 0.6 foot in height.

(€)." Thirty-six percent of the time, the least-squares
regression line accurately predicts height
from age.

AP2.15 An agronomist wants to test three different types of
fertilizer (A, B, and C) on the yield of a new vari-
ety of wheat. The yield will be measured in bush-
els per acre. Six l-acre plots of land were randomly
assigned to each of the three fertilizers. The treat-
ment, experimental unit, and response variable
are, respectively,

(a) aspecific fertilizer, bushels per acre, a plot of land.

(

&

variety of wheat, bushels per acre, a specific fertilizer.

¢) variety of wheat, a plot of land, wheat yield.

—_

(d) aspecific fertilizer, a plot of land, wheat yield.

(e) aspecific fertilizer, the agronomist, wheat yield.

AP2.16 According to the U.S. Census, the proportion of
adults in a certain county who owned their own
home was 0.71. An SRS of 100 adults in a certain
section of the county found that 65 owned their
home. Which one of the following represents the
approximate probability of obtaining a sample of
100 adults in which 65 or fewer own their home,
assuming that this section of the county has the
same overall proportion of adults who own their
home as does the entire county?
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(a) [100](0.71)65(0-29)35 @) 116
65 252
100 . 35 116
(b) [ P ](0.29) (0.71) (e) >33
AP2.19 When people order books from a popular online
0.65—0.71 source, they are shipped in boxes. Suppose that the
(© Plz< (0.71)(0.29) mean weight of the boxes is 1.5 pounds with a stan-
100 dard deviation of 0.3 pound, the mean weightof
the packing material is 0.5 pound with a standard
0.65—0.71 deviation of 0.1 pound, and the mean weight of the
FE e books shipped is 12 pounds with a standard devi-
) F (0.65)(0.35) ation of 3 pounds. Assuming thatithe weights are
100 independent, what is the standard deviation of the
total weight of the boxes thatare shipped from this
0.65—0.71 source?
(e P|*=10.71)(0.29) (a) 1.84
J100 (b) 2.60
(c) 3.02
AP2.17 Which one of the following would be a correct (d) 3.40
interpretation if you have a z-score of +2.0 on an '
exam? (e) 9.10

(a) It means that you missed two questions on the exam.

(b) It means that you got twice as many questions correct
as the average student.

(¢) It means that your grade was 2 points higher than the
mean grade on this exam.

(d) It means that your grade was in the upper 2% of all
grades on this exam.

(e) It means that your grade is 2 standard deviations-above
the mean for this exam.

AP2.18 Records from a dairy farm yielded,the following
information on the number ¢f male and female
calves born at various times:of the day.

Time of day
Day Evening Night Total
Males 129 15 117 261
Gender
Females 118 18 116 252
Total 247 33 233 513

What is th€ probability that a randomly selected calf was
born in‘the'night or was a female?

369

513

485

513

116

513

AP2.20 A'grocery chain runs a prize game by giving each
customer a ticket that may win a prize when the
box is scratched off. Printed on the ticket is a dol-
lar value ($500, $100, $25) or the statement “This
ticket is not a winner.” Monetary prizes can be
redeemed for groceries at the store. Here is the
probability distribution of the amount won on a
randomly selected ticket:

Amountwon  $500  $100  $25  $0
Probability 0.01 0.05 020 0.74

Which of the following are the mean and standard
deviation, respectively, of the winnings?

(@) $15.00, $2900.00
(b) $15.00, $53.85
© $15.00,$26.93
d) $156.25,$53.85
() $156.25,$26.93

AP2.21 A large company is interested in improving the
efficiency of its customer service and decides
to examine the length of the business phone
calls made to clients by its sales staff. Here is a
cumulative relative frequency graph from data
collected over the past year. According to the
graph, the shortest 80% of calls will take how
long to complete?
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Length of phone call (min)

(a) Less than 10 minutes
(b) Atleast 10 minutes
(¢) Exactly 10 minutes
(d) Atleast 5.5 minutes

(e) Less than 5.5 minutes

Section II: Free Response Show all your work. Indicate clearly the methods you use, becauseyou will be graded on
the correctness of your methods as well as on the accuracy and completeness of your results and explanations.

AP2.22 A health worker is interested in determining if omega-3
fish oil can help reduce cholesterol in adults. She
obtains permission to examine the health records of
200 people in a large medical clinic and classifies them
according to whether or not they take omega-3 fish oil.
She also obtains their latest cholesterol readings and
finds that the mean cholesterol reading for those who
are taking omega-3 fish oil is 18 points less than the
mean for the group not taking omega-3 fish oil.

(a) Is this an observational study or an experiment? Justify
your answer.

(b) Explain the concept of confounding in the context
of this study and give one example of a variable that
could be confounded with whether or not people take
omega-3 fish oil.

(c) Researchers find that the 18-point difference in
the mean cholesterol readings of the two groups
is statistically significant. Can they conclude that
omega-3 fish oil is the cause?Why or why not?

AP2.23 The scatterplot shows. the relationship between the
number of yards:allowed by teams in the National
Football League and the number of wins for that team
in a recentiseason, along with the leastsquares regres-
sion lineZComputer output is also provided.

16

w

£

5

e

S

ot

2

£

Z

T T T T T T
4500 5000 5500 6000 6500 7000
Yards allowed

Term Coef SE Coef T-Value P-Value
Constant 25.66 5.37 4.78 0.000
Yards allowed —0.003131 0.000948 —3.30 0.002

S=2.65358 R-Sq=126.65% R-Sqg(adj)=24.21%

(a) State the equation. of the least-squares regression line.
Define any variables you use.

(b) Calculate and-interpret the residual for the Seattle
Seahawks; who allowed 4668 yards and won 10 games.

(¢) The Garolina Panthers allowed 5167 yards and won
15-games. What effect does the point representing
the Panthers have on the equation of the least-squares
regression line? Explain.

AP2.24 Every 17 years, swarms of cicadas emerge from
the ground in the eastern United States, live for
about six weeks, and then die. (There are several
different “broods,” so we experience cicada erup-
tions more often than every 17 years.) There are
so many cicadas that their dead bodies can serve
as fertilizer and increase plant growth. In a study,
a researcher added 10 dead cicadas under 39 ran-
domly selected plants in a natural plot of Ameri-
can bellflowers on the forest floor, leaving other
plants undisturbed. One of the response vari-
ables measured was the size of seeds produced
by the plants. Here are the boxplots and sum-
mary statistics of seed mass (in milligrams) for
39 cicada plants and 33 undisturbed (control)

plants:
Cicada |

plants
Control |

plants

T T T T T
0.15 0.20 0.25 0.30 0.35

Seed mass (mg)

n  Minimum @ ~ Median @3 Maximum
Cicada plants 39 017 022 025 028 035
Control plants 33 014 019 025 026 029




534 CHAPTER 7 SAMPLING DISTRIBUTIONS

(a) Write a few sentences comparing the distributions of AP2.25 In a city library, the mean number of pages in a
seed mass for the two groups of plants. novel is 525 with a standard deviation of 200.
(b) Based on the graphical displays, which distribution Furthermore, 30% of the novels have fewer than
likely has the larger mean? Justify your answer. 400 pages. Suppose that you randomly select

(c) Explain the purpose of the random assignment in this Wmorek o eliemy

study. (a) What is the probability that the average number of

. . 5
(d) Name one benefit and one drawback of only using e i G szmple B tasa e S00E

American bellflowers in the study. (b) What is the probability that at least 20 of the novels
have fewer than 400 pages?





